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FINAL EXAM SOLUTIONS

Mean (of 5 scores) = 55

1. Use an SU(2) rotation to make φ2 = 0 and φ1 real and positive. The potential
becomes

V (ϕ, χ) =
1

4
λϕ4

1 +
1

2
µϕ2

1 + g′ϕ2
1χ3 +

1

2
M2χaχa .

Now minimize with respect to φa to get χ1 = χ2 = 0, χ3 = −g′ϕ2
1/M

2. Inserting this into
the potential gives

V =
1

4
λ′ϕ4

1 +
1

2
µϕ2

1 , λ′ = λ− 2g′2/M2 .

The minimum is therefore at ϕ2
1 = −µ2/λ′, call this v2/2 as in the usual case. The

expectation value of ϕ is invariant under U(1)EM = T 3 + Y as in the usual case, and the
expectation value of χa is invariant under both T 3 and Y , so again U(1)EM is unbroken.

The vector mass term is

ϕ†(g2A
a
µσ

a/2− g1Bµ/2)2ϕ+
1

2
g2
2A

a
µA

µbχcT
a
cdT

b
deχe

The first term is exactly as in the Standard Model and becomes (g2v/2)2(W+µW−
µ +

1
2
ZµZ

µ/ cos2 θw), with cos2 θw = g2
2/(g

2
1 + g2

2). In the second term, χcT
a
cdT

b
deχe = χ2

3 for
a = b = 1 and for a = b = 2 and zero otherwise (we did this calculation in class). So this
is an additional contribution of g2

2χ
3
3 to M2

W :

M2
W = g2

2(v
2/4 + χ2

3) , M2
Z = g2

2v
2/4 cos2 θw .

M2
W

M2
Z

= cos2 θw +
4 cos2 θwχ

2
3

v2

The first term is the Standard Model ratio, so

δ
M2

W

M2
Z

=
g′2v2 cos2 θw

M4

Also, for a small change, δ(x2) = 2xδx, so

δ
MW

MZ

=
2g′2v2 cos θw

M4
< 10−3 .
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Putting in the numbers cos2 θw = 0.77, v = 250 GeV gives

M2 > g′ × 1.05× 104 GeV.

If g′ = M then M > 10 TeV, but if g′ ∼MZ then M > 1 TeV.

2. Let α, β run over 0, 1, 2 and µ, ν over 0, 1, 2, 3, so that k2 ≡ kµk
µ = kαk

α + k2
3. The

gauge field action, for the three nonzero components, is

−Aα(−k)(k2gαβ − kαkβ)Aα(k) .

Then numerator of the propagator, Mαβ, is the inverse 3× 3 matrix,

(k2gαβ − kαkβ)Mβγ = δα
γ.

The most general form invariant under Lorentz transformations of the 0, 1, 2 directions
(leaving the 3-direction fixed) is Mβγ = agβγ + bkβkγ. Inserting this into the previous
equation gives k2a = 1, k2b−a−kβkβb = 0, so a = 1/k2 and b = 1/(k2k2

3). The propagator
is

−i
k2

(
gαβ +

1

k2
3

kαkβ

)
.

If we look at the residue of the k2 = 0 pole, then by using k2 = kαk
α + k2

3 we get

Mαβ = gαβ −
kαkβ

kγkγ
.

This is precisely a projection operator onto the directions perpendicular to kα. The vector
kα is timelike (because k2 is null and k3 is nonzero). We can then boost in the 0-1-2
directions to the ‘rest frame’ where k1, k2 = 0 (this boost does not affect A3), and then
Mαβ = diag(0, 1, 1). Also, the 33 component of the propagator is of course zero.

By the way, we can also write this propagator in a more covariant form. Let nµ be
a unit four-vector in the 3-direction. Then the previous equation becomes, in terms of
µ = (α, 3),

−i
k2

(
gµν − nµnν +

1

(n · k)2
(kµ − nµn · k)(kν − nνn · k)

)
.

The factors of n just act to project away the 3-components. Also, by regrouping terms we
can write this as

−i
k2

(
gµν +

1

(n · k)2
[kµkν − (nµkν + kµnν)n · k]

)
.

In this form it is clear that it is the Feynman gauge propagator plus pure gauge pieces
(proportional to kµ or kν , as must be true in any gauge.
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3. To make this problem more interesting (as will be explained), I am going to consider
the more general energy-momentum tensor

Tµν =
i

2

{
αψ̄γµ∂νψ − β(∂νψ̄)γµψ + αψ̄γν∂µψ − β(∂µψ̄)γνψ

}
,

where α and β are some constants (which must add up to 2, by the way). This is still
symmetric, and also conserved: it can be interpreted as assigning a different spin to ψ
(in string theory this is known as the bc system). Now evaluate the T-ordered 2-point
function (I apologize for omitting the ‘T’ on the exam). Consider first the first two terms
in Tµν ; the last two are then given by symmetry. This is essentially the same as the vacuum
polarization, except that the extra derivatives in Tµν give an extra factor of iα(k + l)ν +
iβlν = iαkµ + ilµ:

− i
2
i2
∫ ddl

(2π)d

Tr(γρ l/γµ[k/+ l/])(αk + 2l)ν

l2(k + l)2
.

Now, introducing Feynman parameters, shift the loop momentum, continue to Euclidean
signature, and use rotation invariance (odd powers of q integrate to zero, and qµqν becomes
gµνq

2/d) to get

−
∫ ddq

(2π)d

∫ 1

0
dx

Nρµν

(q2 +D)2

with D = (x− x2)k2 and Nρµν =

kνgµρ(α−2x)[(2
d
−1)q2+x(1−x)k2]+(kρgµν +kµgνρ)2(1−2x)q2/d−2x(1−x)(α−2x)kρkµkµ .

Notice that if α were 1, this would be odd under x→ 1− x and so vanish on integration:
this is a consequence of C invariance. But no one got zero, due to algebraic mistakes, so
some were able to do the remaining parts. So now do the q2 integral to get

− 1

2π
(kνgµρ − kρkµkµ)

∫ 1

0
dx (α− 2x)

Integrating over x, and adding in the other two terms from Tµν, gives the final result

−α− 1

2π
(kνgµρ + kµgνρ − 2kρkµkµ/k

2) .

b) We just get

−iα− 1

2π
hµν(k)(kνgµρ + kµgνρ − 2kρkµkµ/k

2) :

the same graph with i times the background field attached.
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c) From j5ρ = ερ
σjσ one gets

−iα− 1

2π
ερ

σhµν(k)(kνgµσ + kµgνσ − 2kρkµkµ/k
2) :

the same graph with i times the background field attached.
d) Contracting with kρ, part b gives 0 (the vector current has no anomaly) while part

c gives

−iα− 1

2π
hµν(k)kρ(ερµkν + ερµkµ) .

This is an anomaly proportional to the Riemann tensor, it is analogous to the anomaly
that requires TrLH fermions(Q) to vanish in the Standard Model for consistent coupling to
gravity.

4. (Graphs scanned in separate file, labelled by letters). Let us start by drawing all
graphs with two g-vertices (fig. a). I will leave off the arrows henceforth, but because they
are there a vertex can be rotated but not flipped over. First connect one line on each vertex
by a propagator (fig. b). There are 16 ways to do this. Now connect a second line. There
are 9 choices, but only four distinct graphs (figs. c1, c2, c3, c4), which arise in 2, 4, 2, and
1 way respectively. There is also a factor of 1

2
from the expansion of eiS to second order,

and a factor of 1
2

because we have constructed each graph twice by distinguishing the ‘first
propagator’ and the ‘second propagator’. The loop integral and propagators give 1/8π2ε,
so contribute a factor of 1/8π2 in the β function. There is a 4! from all ways to connect the
four external lines to the four lines in the graph, but the same factor is present in the tree
amplitude and so divides out in the β function. Also, as in gφ4 the propagator corrections
do not contribute to one loop.

Thus, figure c1 contributes

g2

8π2
× 16× 2× 1

4
×N =

8Ng2

8π2

to the β function for Tr(φ4). The N is from the inner index loop, and the Tr(φ4) is
because all the external lines are attached cyclically to the out index loop. Perhaps a more
familiar way to obtain this result would be to define g = g̃/4, where the 4 represents the
cyclic symmetry of the vertex. The β function for g̃ has a 2 in the numerator in place
of an 8: this is just from the two distinct graphs of figure c1* for a given cyclic ordering
of the external lines (vs. the single tree graph shown). There is no further factor in the
denominator because the double-line graph has no symmetries: if you try to permute lines
it won’t look the same.

I wlll continue to use my counting, but you should compare with your way (note that in
the double-trace operator the natural coupling is g′ = g̃′/8). Figure c2 would contribute to
Tr(φ3)Tr(φ) (one line on the inner loop and three on the outer) but this vanishes because
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φ is traceless. The remaining two graphs are

c3 :
8g2

8π2
(Tr(φ2))2 , c4 :

4g2

8π2
(Tr(φ2))2 .

After grading the exams, I find that most people don’t follow how the indices work. In
c1, label the external indices (going clockwise from upper left) ij, kl,mn, pq: this graph is
proportional to δjkδlmδnpδqi, the same structure as the g tree vertex, and then there is a
factor of N from the sum over the internal loop. In c2, label the indices ij, kl,mn around
the outside, and pq for the interior propagator. This graph is proportional to δjkδlmδniδpq,
which you would get from the tree interaction Tr(φ3) Tr(φ). In c3 and c4, if we label the
outer lines ij, kl and the inner lines mn, pq then both graphs go as δjkδliδnpδqm., which is
what you would get from Tr(φ2) Tr(φ2).

Let me go through c1 carefully. Label the external lines k1ij, k2kl, k3mn, k4pq. There
are 4! ways to attach the external lines to this graph; let us focus on the cyclic order
1234. For the tree graph this contributes −4igδjkδlmδnpδqi, since there are four cyclic
permutations. For the graph of figure c1, there are 16 × 2 × 1

2
ways to build it, a 1

2
from

expanding eiS, and the same 4 cyclic ways to attach the external lines to the graph - so the
structure is the same as the tree g vertex and the divergence can be absorbed in Zg. The
rest of the factors are

g2
∫ ddq

(2π)d

∫ 1

0
dx

1

(q2 +D)2
=

ig2

8π2ε
.

So this contributes
g

8π2ε
××16× 2× 1

4
×N

to Zg, and so make the indicated contribution to the β function.
We must also include the second term in the propagator, so each graph has three other

terms, as shown for c1. Each doubled-back propagator brings in a factor −1/N , so we have

c1′ : − 8g2

8π2N
Tr(φ4) , c1′′ : − 8g2

8π2N
Tr(φ4) , c1′′′ :

8g2

8π2N2
(Tr(φ2))2 ,

where in c1′ and c1′′ the external lines hook into a single index loop, and in c1′′′ two
hook into each of two loops. In c1′′′, of the 4! perturbations, 8 have the index structure
δjkδliδnpδqm, 8 have δjmδniδlpδqk, and 8 have δjpδqiδnkδlm. This is the same as the 4! ways to
attach the external lines to (Tr(φ2))2, so we just get 8g/8π2N2 in Zg.

In a similar way,

c2′ : − 16g2

8π2N
Tr(φ4) , c2′′ : − 16g2

8π2N
Tr(φ4) , c2′′′ :

16g2

8π2N2
(Tr(φ2))2 ,

c3′ : − 8g2

8π2N
Tr(φ4) , c3′′ : − 8g2

8π2N
Tr(φ4) , c3′′′ :

8g2

8π2N2
(Tr(φ2))2 ,
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c4′ : − 4g2

8π2N
Tr(φ4) , c4′′ : − 4g2

8π2N
Tr(φ4) , c4′′′ :

4g2

8π2N2
(Tr(φ2))2 ,

None of these graphs have closed index loops: the N ’s are just from the propagator. In all,
the g2 terms are:

βg :
g2

8π2
(8N − 72/N) , βg′ :

g2

8π2
(12 + 36/N2) .

At order gg′ there are the two vertices of fig. e, which can be joined in 16 ways to make
fig. f, and then in (2, 4, 1, 2) ways to make figs. g1, g2, g3, g4. There is a 1

2
from building

each graph twice, but no 1
2

from eiS because all the propagators are different. Then the
graphs contribute

g1 :
16Ngg′

8π2
(Tr(φ2))2 − 16gg′

8π2N
(Tr(φ2))2 − 16gg′

8π2N
(Tr(φ2))2 +

16gg′

8π2N
(Tr(φ2))2 ,

g2 :
32gg′

8π2
Tr(φ4) + 0 + 0 + 0 ,

g3 : 0− 8gg′

8π2N
(Tr(φ2))2 − 8gg′

8π2N
(Tr(φ2))2 +

8gg′

8π2N
(Tr(φ2))2 ,

g4 : 0 + 0 + 0 + 0 ,

where we have given g1 + g1′ + g1′′ + g1′′′, etc. The zeros represent terms that we don’t
have. For example, g3 gives a triple trace term Tr(φ)Tr(φ)Tr(φ2). Note also that g1′′′ and
g3′′′ end up with index loops that contribute a factor of N .

Now repeat for g′2 in fig. h, i, j. There are only three essentially different graphs, which
have weight 16× (1, 4, 4)× 1

4
, and so we get:

j1 :
4N2g′2

8π2
(Tr(φ2))2 − 4g′2

8π2
(Tr(φ2))2 − 4g′2

8π2
(Tr(φ2))2 +

4g′2

8π2
(Tr(φ2))2 ,

j2 :
16g′2

8π2
(Tr(φ2))2 + 0 + 0 + 0 ,

j3 :
16g′2

8π2
(Tr(φ2))2 + 0 + 0 + 0 .

In all,

µ∂µg = (2N − 18/N)
g2

2π2
+ 8

gg′

2π2
,

µ∂µg
′ = (3 + 9/N2)

g2

2π2
+ (4N − 6/N)

gg′

2π2
+ (N2 + 7)

g′2

2π2
.

In order to get a smooth limit we need g = λ/N , g′ = λ′/N2, and then for large N

µ∂µλ = 2
λ2

2π2
,
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µ∂µλ
′ = 3

λ2

2π2
+ 4

λλ′

2π2
+
λ′2

2π2
.

Thus, in the large N limit the single trace terms drive the double trace terms, but not vice
versa: we can solve for λ independent of λ′, and then solve for λ′.
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