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Frustrationrefers to competition between different interactions ttenot be simultaneously satis ed, a
familiar feature in many magnetic solids. Strong frustmatresults in highly degenerate ground states, and a
large suppression of ordering by uctuations. Key challendn frustrated magnetism are characterizing the
uctuating spin-liquidregime and determining the mechanism of eventual ordenarleemperature. Here, we
study a model of a diamond lattice antiferromagnet appab@ifior numerous spinel materials. With suf ciently
strong frustration a massive ground state degeneracyaje/aimongst spirals whose propagation wavevectors
reside on a continuous two-dimensional “spiral surfacefriomentum space. We argue that an important
ordering mechanism isntropicsplitting of the degenerate ground states, an elusive phena callecbrder-
by-disorder A broad “spiral spin-liquid” regime emerges at higher temgtures, where the underlying spiral
surface can be directly revealed via spin correlations. Weuds the agreement between these predictions and
the well characterized spinel Mngs; .

PACS numbers:

When microscopic interactions in a material conspire taci@gentally” produce many nearly degenerate low-energiesta
otherwise weak residual effects can give rise to remarkalergent behavior. This theme recurs throughout modemhersed
matter physics. Quintessential examples include the tegravith several competing orders including highsliperconduc-
tivity, and exotic quantum (Hall) liquids in two-dimensiainelectron systems, arising from partial Landau-levelupation.
Insulating magnets constitute a particularly abundant@of such phenomena, as in numerous cé&sestrationgenerated
by the competition between different exchange interastieads to large classical ground-state degeneracies. poriant
experimental signature of such degeneracies is an anoshalow ordering temperatur€. relative to the Curie Weiss tem-
perature cw ; indeed, values of the “frustration parametér= j cw j=Tc larger than 5-10 are typically taken as empirical
evidence of a highly frustrated magnet.[1] This sharp seggion ofT opens up a broad “spin-liquid” regime for temperatures
Te . T . j cwi, where the system uctuates amongst the many low-energygooations but evades long-range order.
Highly non-trivial physics can emerge here, as attestedhf&iance in pyrochlore antiferromagnets by the experialeiser-
vation of hexagonal loop correlations in neutron scattedn the spinel ZnGiO4[2], and theoretically by the establishment of
“dipolar” correlations|[3]

Low-temperature ordering in highly frustrated magnetgmftlisplays an exquisite sensitivity to degeneracy-brepger-
turbations, notably dipolar interactions and minimal diy in the spin-ice pyrochlores,[4], spin-lattice coagliin various
spinelq[5], and Dzyaloshinskii-Moriya interactions in,CsiCL[6]. However, the lifting of degeneracy need not require the
presence of such explicit perturbations. This can be aedieather remarkably, byctuations— a process commonly referred
to as “order-by-disorder’.[7] Here, degeneracy in the feeergy is liftedentropically resulting in ordering which counter-
intuitively is enhanced by increasing temperature. Anegalis phenomenon occurs in quantum spin models=a, where
guantum uctuations provide the degeneracy-breaking ragism [8, 9/ 10]. Whether or not order-by-disorder trarespule-
pends crucially upon the degree of degeneracy: it is knovattar in various FCC antiferromagnets[11, 12], for insegriut
not in the more severely degenerate nearest-neighborfpgrecantiferromagnet[13, 14], where instead a classjzal-kquid
regime extends down td = 0. While these ideas have existed for decades and enjoy bazaptance in the theoretical
community, compelling experimental evidence for ordereligorder in even one example is presently lacking.

Here we argue that entropic effects may play a key role in thesigs of insulating normal spinels, with the generic cteahi
formula AB, X4, that comprise antiferromagnets ord@mondlattice formed by magnetic, orbitally non-degenerate A&ssit
(see Fig[l). Numerous strongly frustrated materials in @ss have been recent subjects of intensive experimsnth;
in particular, CoA}O4 and MnSgS, for whichf > 10 20][15,16] andf 10[17], respectively, are expected to provide
ideal test grounds for the physics we describe. We introdusienple classical model for these materials, consistirey ludisic
“parent” Hamiltonian supplemented by small correctiohat exhibits complex behavior in accord with numerous expental
observations. Remarkably, ground states of the parentytee (for most of its phase space) highly degenerate caplan
spirals, whose propagation wavevectors formoatinuous surfacen momentum space. Within our parent theory, order-by-
disorder occurs with a dramatically suppres3edelative to cw , and abovd . a “spiral spin liquid” regime emerges where
the system uctuations among these degenerate spiralsleWtd small corrections (which we describe) inevitablyedetine



speci ¢ ground states at the lowest temperatures, entr@shes these out at higher temperatures, allowing the spiraliquid
and/or order-by-disorder physics inherent to the paremiilianian to become visible. This energy-entropy compmiits thus
manifest as an interesting multi-stage ordering behavior.

Super cially, the strong frustration inherent in matesialich as MnS&S, seems rather puzzling. Indeed, the diamond lattice
is bipartite, and accordingly a model with only nearesghbbr spin coupling 1, whether ferromagnetic or antiferromagnetic,
exhibitsno frustration. Additional interactions must therefore bedmporated to account for the observed frustration. We rst
consider the simplest modi cation that achieves this, asgliane a Hamiltonian with additional second-neighbor artiimag-
netic exchangé;:

X X
H=J; S Sj + Jo Si SjZ (1)
hij i htij i

Here the spin§; are modeled as classical three-component unit vectorsifaibg a factor o5(S+1) into the de nition ofJ;),
appropriate to the large spin valu&£ 3 =2; 5=2) for these materials. Throughoutwe set the lattice constanl and consider
J, > 0 appropriate for antiferromagnetic exchange. While tha sifjJ; can always be changed by sendig! Si on one
of the two diamond sublattices, for ease of discussion weasdume antiferromagnetig > 0 unless speci ed otherwise.
Additional interactions such as further-neighbor excleamgy also be present, but will be assumed small and retuonaaly
at the end of the paper. As we will see, the parent HamiltoBir{1) leads to a rich theoretical picture which we arguewras
the essential physics operating in these strongly friedrataterials.

To appreciate the frustration i, it is convenient to view the diamond lattice as composednmaf interpenetrating FCC
sublattices (colored orange and green in Elg. 1). From thisgective,); couples the two FCC sublattices, whilg couples
nearest-neighbongithin each FCC sublattice. The FCC antiferromagnet is known toidpelyhfrustrated|[18] and henci
generates strong frustration which the competition fibnfurther enhances. In fact, as argued long ago [19] and engaths
in [17,/20], due to the similarity in exchange paths couplirst and second-neighbor sites in such materidisandJ, are
generally expected to have comparable strengths.

We begin by discussing the zero-temperature propertieg|oflf. Exact ground states can be obtained for arbitlarnd; .

In the weakly frustrated limit witl0 ~ J,=J; 1=8, the ground state is the Néel phase, with each spin agtiedi with
those of its nearest neighbors. For largerthe simple Néel phase is supplanted by a massively degersrtiof coplanar
spin spirals. As described above, and illustrated scheaibtiin Fig.[d, each spiral ground state is characterizea Isingle
wavevectorg lying on a two-dimensional “spiral surface”. This surfacespesses a nearly spherical geometry for coupling
strengthsl=8 < J »=J; < 14, and exhibits an open topology fds=J; > 1=4 where it develops “holes” centered around the
(111)-directions (see Fi@] 2). In the limlt=J; ! 1 , the surface collapses into one-dimensional lines, whiehkaown to
characterize the ground states of the nearest-neighhguedFCC antiferromagnet.[18]

At small but non-zero temperature, one must consider batloibal stability and the global selection amongst thesemnpio
states. The stability issue is quite delicate, since at0 the spins can smoothly distort from one ground state to amgratt no
energy cost. More formally, for any ground statat 0 there is a branch of normal modes whose frequericiég) have an
in nite number of zeros, vanishing for argyon the spiral surface. This leads to a divergence in a naweémperature expan-
sion in small uctuations. To illustrate, let us start from arbitrary ground state ordered at waveveQowith a corresponding
spin con gurationS;, and expand the Hamiltonian in uctuation§; = S;  S;. To leading order in temperature the thermally
averaged uctuation amplitude, by equipartition, is giugn
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which diverges due to the in nite number of zerod ig(q). However, since only a nite number of these zero-frequemogles,
the “Goldstone modes”, are guaranteed by symmetry, theroalations can lift the remaining “accidental” zeros, paotially
stabilizing an ordered state.

This stabilization indeed occurs. Interestingly, modiicas to! o(q) by thermal uctuations are non-perturbative in tem-
perature. We therefore obtain the leading correctionslfor cw Wwithin a self-consistent treatment as described in the
Supplementary Material. Providdd 6 O, we nd that for g on the spiral surface the frequencies become

PE@) = 1§(a)+ T2 (a); ®3)

where ( q) is temperature-independent and generically vanisimggat the spiral wavevectorsQ, which are precisely the
locations of the Goldstone modes. Thus entropy indeedtlitssurface degeneracy, which cures the divergence i g an(2
stabilizes long-range order. Nevertheless, the orderasiense “unconventional” in that anomalies in thermodyonauantities
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appear due to the non-analytic temperature dependence @)Edn particular, the classical speci ¢ heat at low termrgiares
scales as

C\(/:Iassical (T) = A+ BT 123; (4)

with A andB constants. A crude quantum treatment, obtaining the magpectrum (q) = ~! 1 (g) by quantizing the classical
modes of EqL(3), predicts the fractional power-&§2"™™ (T)  T7=3. This is intriguingly reminiscent of the approximately
T 25 behavior observed in CopD, [16] and related materials [17].

We now addreswhichstate thermal uctuations select. Although the endiggissociated with each wavevector on the spiral
surface is identical, their entroffy and hencdree energfr = E T S generally differ. Typically, entropy favors states with
the highest density of nearby low-energy excitations. Tmpote the free energy at low temperatures, it suf ces tameerms
in the Hamiltonian which are quadratic in uctuations abaustate ordered at wavevec®Qr. The free energy can then be
computed numerically for ead on the surface. The results for seldgt=J; are illustrated in Fig.]2, where the surface is
colored according to the magnitude of the free energy (lduegh, red is low, and the global minima are green). As ineida
in Fig. [3(a), the free energy minima occur at the followingdtions asl,=J; varies: (i) along th€q;q;q directions for
1=8<J,=J; 1=4asin Fig[2(a); (ii) at the six wavevectors depicted in Elgp)2ocated around each “hole” in the surface for
1=4 < J,=J; . 1=2;(iii) along the(q; q;0) directions wherl=2 . J,=J; . 2=3; and (iv) at four points centered around each
(9;0; 0) direction as in Fig.12(c) for largel,. Eventually the latter points converge precisely onto(th®; 0) directions, where
the nearest-neighbor FCC antiferromagnet is known to dqddr

We next turn to the evolution with increasing temperatuce,\fhich we rely on extensive Monte Carlo simulations and
analytic arguments. As one introduces frustrationJdait is natural to expect a sharply reduced transition teoee T,
relative to cw , and this is indeed borne out in our simulations. Figdre 3ll(estratesT. versusl,=J; computed numerically
for systems with up ttN = 4096 =8 82 spins. In the Néel phase, a sharp decreadg is evident upon increasinty. As
an interesting aside, fal,=J; just above 1/8wo ordering transitions appear below the paramagnetic phHsis.occurs due
to thermal stabilization of the Néel phase slightly beydimel value ofJ,=J; = 1=8; the reentrant Néel order appears below
the dashed black line in Fig] 3(a). More interestindly,clearly remains non-zero fal,=J; > 1=8, in agreement with the
preceding order-by-disorder analysis. Throughout thgsorg the transition is strongly rst order.

Due to the strong suppression Bf whenJ,=J; > 1=8, one can explore a broad range of the spin liquid regime in the
paramagnetic state aboWe and belowj cw j. Interestingly, the spiral surface, as well as entropiefeeergy corrections,
can be directly probed via the spin structure factor. Thi#iistrated in Fig[B(b), which displays the structure " (q)
corresponding to spin correlations on one of the two FCCattibés. (Experimentally3*” (q) can be obtained from the full
structure factor as described in the Supplementary Maferidne data correspond td = 13824 spins withJ,=J; = 0:85,
relevant for MnSgS, as discussed below, at a temperature just afigvéiere we plot only momenta contributing the highest
44% intensity (blue points have lower intensity, red higlaed green corresponds to the maxima); the similarity toZig) is
rather striking. The free-energy splitting manifest hegesgsts up taf  1:3T,, while the surface itself remains discernible out
toT 3T, (see Fig.4(3)). The spiral ground states evidently doraitie physics fof. . T . 3T, so that this regime can be
appropriately characterized as a “spiral spin liquid”.

To quantify the behavior in this regime analytically, Wecmihtq_d the structure factor within the “spherical” appnoation,
in which the unit-magnitude constraint on each spin is ®tato | jSij2 = N. The classical spin liquids in kagome [21]
and pyrochlore |3] antiferromagnets are known to be wedletibed by this scheme. Here, we nd that the structure faisto
similarly peaked on the spiral surface, with a widtht  k, T that agrees quantitatively with the tted value from nunesri
Moreover, the complete thr&e-dimensional structure fagéda collapse onto a (known) one-dimensional curve whettqul
versus the variabld q) =2 co2 % cog ¥ cog % +sin? & sin® ¥ sin” & As illustrated in Fig{¥%(a) fod,=J; = 0:85,
the numerical data conform well to this prediction, essdiytihroughout the paramagnetic phase except very figarhere
thermal uctuations dramatically split the free energyraddhe surface. Note that the red analytical curves containasingle

tting parameter, corresponding to an unimportant ovesadling.

Finally, we discuss implications for experiments, focgsim the well-characterized material MpSg . Below Ty 1 = 2:3K,
experiments observe long-range spiral order with wavevegt,, 2 (3=4;3=4;0), coexisting with pronounced correlations
with wavevector magnitud@g; 2 that persist to well abovéy ; [20,[22]. A second transition occurs &g = 1:9
K, below which the latter correlations are greatly suppgdssAssumingQexp lies near the spiral surface, we estimate that
J>=J;  0:85for this material. By comparing the structure of the spinalund state ordered ey With the experimentally
determined spin structurie [20], we further deduce Shatust be ferromagneti¢.€., J; < 0) in MnScS, . One can then extract
the magnitudes of the exchange constants from the measured\Weiss temperaturecw 22:1 K; we obtainJ, 1.2
KandJ, 1:0 K. According to the numerical results of Fig. 3, the predictedering temperature for these parameters is
T 24K

Obtaining a detailed comparison to flo&v-temperaturexperimental order requires perturbing our parent Hamigto. Quite
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generally, these corrections inevitably overwhelm theapic free energy splittings discussed above at suf cieltiv temper-
ature, since the latter vanish @s! 0. Happily, the simplest correction—a small antiferromagnthird-neighbor exchange
Js—favors the observefly; g;0) spiral direction. The close proximity of the calculafBdfor J3 = 0 to the experimentaly 1
suggests thal; should indeed be small. For suf ciently smdl}, the entropic splittings will outweigh this energetic cars
tion at higher temperatures, giving way to an intermedidiasp with long-range spiral order along the entropicaypfad
(approximately)q;0; 0) directions. AsJs increases (but remains small), this order-by-disordeselveill be weakened and
eventually removed, leaving only the more robust spirah $igjuid correlations abové;. TheQg scattering deduced from
powder neutron experiments is consistent with weak orgediborder as well our predictions for the spiral spin liduand
further single-crystal experiments are needed to distsiginetween these scenarios. For comparison with the, latteig.[4(b)
we display the numerically powder averaged spherical mstietture factoS,. (Q) for J3 = jJ1j=20at several temperatures
aboveT.. This reproduces well the experimental diffuse corretatineaQq as temperature smears thesplitting. In short,
the “competing order” observed at intermediate tempeeatigprecisely in line with theoretical expectations in foamework,
and thus in our view provides convincing experimental en@defor our model's relevance to the physics of MaSc.

Looking forward, many other materials are anticipated toMed-described by our model, from the marginally frustchte
CoRhO4 and MNALO,4 with f 1:2 andf 3:6, respectively, to the highly frustrated CoM),. Existing measurements
place a lower bound on the frustration parameter for G@Alof around 10-20; a broad peak in the speci c heat evidently
preempts a sharp ordering transition in current sampleslép As described in the Supplementary Material, the atd!
low-temperature powder neutron data together with theelémgstration parameter are consistent with this mateeisiding in
the regiond,=J;  1=8, where the spiral surface begins to develop. Experimerits wcreased sample purity would likely
allow for a more direct comparison. Regarding future experits more generally, most exciting would be single crystatron
data, which would allow a much more direct and detailed campa of theory and experiment. One could carry out an aisalys
similar to the one performed for the structure factor in owrité Carlo simulations, as detailed in the Supplementarg Néd.

In this way, one might directly observe the spiral surfacthaspiral spin liquid regime and perhaps nd the rst unamimus
experimental signatures of order-by-disorder, both ofollivould be truly remarkable.

We would like to acknowledge Ryuichi Shindou, Zhenghan Wamgl Matthew Fisher for illuminating discussions, as well a
Tomoyuki Suzuki, Michael Muecksch, and Alexander Krimmaal $haring their unpublished results. This work was supgabrt
by the Packard Foundation (D. B. and L. B.) and the Nation&r®e Foundation through grants DMR-0529399 (J. A.), and
DMRO04-57440 (D. B. and L. B.).

Supplementary Material

LOW TEMPERATURE

Ground states

To nd the ground states of our parent theory, it is usefuliBmdnalize the Hamiltonian by transforming to momentuntspa
Since the diamond lattice is an FCC Bravais lattice with a$ite basis, this reveals two bands with energies

(@ =43 *(a) 1] 23 (aq): ®)
Here and below we assume antiferromagnétie > 0; the function( q) is de ned by

( q) = 2[cos?(q=4) cog(q,=4) cog (g, =4)
+ sin?(gc=4) sin?(q,=4) sin?(q, =4)]**? (6)

as provided in the main text. The minimum eigenvalue is zedlin the lower band (q), and occurs at a single poirg € 0)
for J,=J; < 1=8 but on a two-dimensionaurfacein momentum space for largég=J;.

Our strategy is to explicitly construct states that conEonrier weight only at the minimum eigenvalaad simultaneously
satisfy the unit-vector constraint for each spin. Suchestare guaranteed to be ground states, as mixing any otheeiFou
components necessarily increases the energyJfmi; < 1=8 this prescription gives the expected Néel phase as thaianiq
ground state (apart from global spin rotations). For ladgetJ; one can construct highly degenerate spiral ground stedeh, e
characterized by a single wavevector lying on the “spiralasxe” corresponding to the minimum of (q). Denoting the two
FCC sublattices by A and B and the lattice site positions;hyhe spiral ground states explicitly take the form

s° R gsint 1P )

R =g (@)= (8)

R cos
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with any wavevectoq on the spiral surface. We have assumed a spiral inth@lane, though any two orthonormal unit vectors
above will clearly do. The angle(q) determines the relative phase shift between the A and B tigels, and is given by the
argument of
G @ B PRSI ¢ PR € N ¢ <
COS — COS — CO0S — isin — sin — sin — : 9
4 4 4 4 4 4 ©)
(Note that for ferromagnetit; < 0, the corresponding ground states are obtained by revetsirgpins on one FCC sublattice.)
While this does not exhaust all possible ground statesystiexur only at special values #=J; or contribute only a nite
discrete set and are thus anticipated to be less importanttttese generic spirals. For instance, a discrete set ohdrstates
constructed from wavevectors on the surface differing byaneeciprocal lattice vector can be realized over a rangkefl;.

Local stability

Henceforth we focus on the regindg=J; > 1=8. Given the massive spiral ground state degeneracy hergyumtion of
stability of long-range order becomes quite delicate. Tow @f this subsection is to demonstrate teatropystabilizes long-
range order at nite temperature by lifting the degeneracthie free energy along the spiral surfaice, the system undergoes
a thermal order-by-disorder transition.

To this end, we start from an arbitrary ground state ordetedamentumQ with a spin con gurationS; and expand in
uctuations by writing

_4q
Sj =~ t Sj 1 "-]-2 . (10)
The uctuation eld ~; is constrained such th& ~; =0 so that the unit-vector constraint remains satis ed. Aétemputing
the Jacobian for the variable transformation, the partitismction becomes
z Y
Z= DSe " [sF 1]
z v - (11)
- D-e H 1 2 =4 .

An expansion in small uctuations can be controlled at lomnferatures. Assuming the spiSg lie in the x-y plane, we
parametrize the uctuations as follows,

=2 +[2 5 (12)

thereby automatically satisfying the constre@t ~; = 0. The partition function can now be expressed in terms of dorac
z

Z= DDe S: (13)

Retaining the leading corrections to the Gaussian thelogyaction can be written &= S, + Sz + Sy, where

— X h ! 1X 2 2
Sz—Eij Ji it Wi éj[j"'j]
S:_X Ko .2+ 2
* 2, (14)
X
Sa= g Wy P+ P P+ f

i
Here Jj is simply the exchange matrik; shifted by a constant, such that all the eigenvalues arenegative and the
ground state space corresponds to the kernel of this matig. have also de ned the matricéd; = Jj S; S and
Kij=J5 2 §,— S, . The Jacobian factor has been absorbed into the actiomggiige to the last summation 8.

According to Eq.[(IR), uctuations out of the spiral planeatescribed by j, while ; describes in-plane uctuations.
Long-range order will occur if these uctuations can alwdys made small by going to suf ciently low temperature. The



latter generically have only a single gapless mode, cooredipg to the symmetry-required Goldstone mode at zero mame
Consequently, uctuations in; are clearly well-behaved at low temperature. Subtletigh lving-range order arise from the

j uctuations, which connect the degenerate ground statéshé\Gaussian level and to leading order in temperature, jthe
propagator is

Gi(j):hi ii():\]?l: (15)
In momentum space, the associated normal mode frequengigsand! 1(q) are de ned by

18q(a)  (a) ™" (16)
where ™" corresponds to the minimum value of(q). It follows that the uctuation amplitude for; naivelydiverges

z
1
h2ip T @——1!1 (17)
BN )

since! ¢(qg) vanishes for ang on the spiral surface due to the continuous ground statendegey.

Higher-order corrections in temperature, however, [i&srface degeneracy, thus curing the above divergencéatilizéng
long-range order. Perturbation theory in temperatureessi§imilar divergences as found above, and hence we emelj-a
consistent treatment to obtain corrections to theuctuations. The ; propagator obtained from the full acti@de ned above
is

h i 4
Gj =hj ii= Jj+ 7 ; (18)

where™j is theself-energyIn particular, we are interested in the self-energy cdivado! o(p), which we will denoteT p),
for momentag along the spiral surface.
To proceed, we rst assume that thermal uctuations indeeshk the surface degeneracy, and then nd the leading dosrec
self-consistently. More speci cally, we assume thiap) T ( p), where < 1, ( p) is temperature-independent, and
( Q) = 0; the last condition simply asserts that the symmetry-megliGoldstone modes at the ordering wavevectors are
preserved. With these assumptions, we obtain a self-densisquation of the form
z
k=T (a9kG(q); (19)
q
h i1
with G(q) = !3(q)+ T Q) and ( g;k) temperature-independent. At low-temperatures, the iateég dominated by

momenta near the spiral surface due to the propag@atq). By contrast, the functior( q; k) is well behaved and does not
lead to any additional singular behavior. Hence it is sudrttito replace( q;k) ! ( gs; k) under the integral, whergs lies
precisely on the surface in the directionagf One can show thaf qs; Q) = 0, so th?'lt the Goldstone modles are indeed

1
preserved within our self-consistent treatment. Furtlteenone can approximate(q) (q qs)2 +T (q) in the
integrand. The temperature dependence can then be scdlefltba integral, implying a power = 2=3 consistent with our
assumptions.

The divergent uctuations are thus cured by the onset of antlh#ly induced splitting T273 along the spiral surface.

Consequently, ordering at nite temperature will occurspliée the massive ground state degeneracy.

Global selection

In the previous subsection we found that thermal uctuatistabilize long-range order at nite temperature. Here deérass
the more speci ¢ (and simpler) question of which state amtirggdegenerate set is favored. At nite temperature, entrop
selects the states minimizing the free endfigy E TS (E is energyS entropy), which usually are those with the highest
density of nearby low-energy states. Let us start from aitrarl spiral with ordering wavevect®, and expand in uctuations
as outlined in the previous subsection. At low temperatdogour purpose here it suf ces to retain only the rst twoes in
the Gaussian actio8,. Integrating over the uctuation elds, we then obtain theatingT - andQ-dependent contribution to
the free energy,

FQ)= Tin(2)

(20)
T Tr In(J=2T) + Tr[iIn(W((Q)=2T)] ;



7

whered: W denote the matrices de ned in the previous subsection anldave explicitly labeled th®-dependence iV . The

rst term is Q-independent and thus does not distinguish the states osptha surface. This is accomplished, however, by
the second term, which can be easily computed numericaldyfasction ofQ to obtain the global free energy minima. The
resultant free-energy splittings are illustrated throthghcoloring of the surfaces in Fig. 2 of main text. Also, wepday in Fig.
the free energy along high-symmetry directions as a fanaf J,=J;. Here,111 refers to six momenta located along the
“holes” which develop in the surface fdg=J; > 1=4, and100 corresponds to four momenta located aroundl@®@directions
(see main text).

Speci ¢ heat

The anomalous low temperature dependence of the free ewdrgyanifest itself in thermodynamic quantities. In thicsion
we show explicitly how the speci ¢ heat varies with temperatin this regime.

The heatcapacitg¢, = T g% v can be found from our low temperature expression for thedrezgy. Including only

the anomalous part of the self energy, while neglectingradlyic corrections higher order i, we modify [20) to
h [
F T Tr In(J+ Y =2T] + Trin(W(Q)=2T )]
z

(21)
AiTIN(T)+ AT+ T In[(! §(a) + T2 ()]
q
To nd the behavior of the integral at low temperatures, itigeful to consider
z
@F_T) & + ET 1=3 5 ( qz)_3 (22)
QT T 3 q (g(a)+ T2 (q))]
scaling tempgrature out of the momentum integral on the highd side. In the same manner we proceeded for the integral i
0 (a) 1=3 @F=T) A 2T 2=3
), we nd o TZ@F T2 Ca) T SO thatT T+ 5T B. The low temperature form of the free energy
is
F ALTIN(T) + A,T + AgT43 (23)
whereA;.2.3 are constants. From this form it follows that the heat capagi
C\(/:Iassical (T) = A+ BT 1=3 : (24)

HIGH TEMPERATURE

This section is concerned with analytically describinggpi correlations at temperatures abdyeRemarkably, these allow
one to probe directly the underlying ground state surfadéeri‘spiral spin liquid” regime occurring over a broad temgiare
range. In the disordered phase abdyethe spins uctuate strongly, and it is reasonable that thie length constraint on the
individual spins can be rgaxed. Hence we employ the “sphBrapproximation, replacing the local unit-vector sponstraint
with the global constraint . sz = N, N being the total number of sites. The spin correlations datexd via Monte Carlo
numerics are describepiantitativelywithin this scheme, except very néey where entropic effects are dramatic.

The partition function for this model is

z

. P

z= Dsde " TCS N, (25)
where is a Lagrange multiplier enforcing the global constrairt.pfoceed we employ a saddle-point approximation, repdacin
il ( T)=2,where( T) is the saddle-point value to be determined. The spin cdiwaléunction is then

SIS =3T3 + 5 (T *: (26)
Upon integrating over the spins, one obtains the saddld pgumtion for( T):
Z x 1
Qo 1@+ T)

NIl w

1 —
== (27)
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Equations[(26) and (27) together determine the sphericekirapin correlations. In particular, the momentum-spaceeta-
tion function for spins on the same FCC sublattice is given by

1 1

SAA T + ; 28
R N ORI RRE ORI @9

while the correlation between spins on opposite FCC sudxatts
S*® (@) Te' @ ! ! (29)

7 t iz :
B+ (T @+ (1
The full structure factor, as measured in experiment, is

S(a) = $* (a) + RES™ (q)]: (30)

Notice that the spin correlatio®** (q) depends on momentum only through the functipm). (S*® (q) has additional
momentum dependence througfy).) Hence it is highly desirable to isolate this contributi@s S** (q) collapses onto
a known one-dimensional curve when plotted vergug). We have extracte®”* (q) in our Monte Carlo simulations for
J,=J; = 0:2;0:25; 0:4; 0:6; 0:85, and indeed nd that in all cases fdr > T the correlation function data collapse well when
plotted versus( q). Furthermore, in all these cases one mlgntitativeagreement with the analytic result Eq.}(28), with only
a single tting parameter corresponding to an overall s@aliThe excellent agreement obtained here is illustratédemmain
text for J,=J; = 0:85. The peaks in these gures correspond to valueg af) de ning the spiral surface, thus implying that
spin con gurations near the surface dominate the physibss i the spiral spin liquid regime.

Naively, isolatingS** (q) experimentally appears more dif cult. Fortunately, th@nponent can be extracted from the full
structure factor by using the factthaig) = (q+ K)+ ,whereK =4 (1;0;0) is a reciprocal lattice vector. This leads to
the useful identity

S* (q) = ZIS(@)+ S(@+ K] (31)

It would be extremely interesting to perform a similar asédyon experimental neutron scattering data, which woudiire

single crystals. The spiral surface could then be extragtite simply as follows. Display momenta in the rst Brillouzone

corresponding to the highest intensity points within sohreghold—the surface is mapped out when an appropriatehtbic

is chosen. Such an analysis was carried out for the MonteGhtlcture factor, the result of which are shown in the meit. t
Obtaining single crystal samples is often challenging,tgs highly desirable (and of current experimental relewgrto

have a way of detecting the spiral surface in neutron datgpdarder samples. The full structure factor can be numeyicall

“powder-averaged” by performing an angular integratiaga‘@iven wavevector magnitudg

Sae(Q)= sindd'S (Q); (32)

where and' are polar and azimuthal angles specifying the directio® ofThe spiral surface is then indirectly revealed as a
peak inS,ve (Q) over the range of) for which the surface occurs. Existing neutron data for Mitggowder samples indeed
reveal a broad peak in the structure factor in agreement ovithpredictions for the spiral spin liquid regime. Furthens,
excellent agreement with powder neutron data for G@3lcan be obtained by assuming tllatJ;  1=8 for this material.
Fig.[8 displays the predicted powder-averaged structutefawhich exhibits peaks and valleys that correspond teethose
observed experimentally [23]. The loWw in this vicinity of J,=J; is further consistent with the large frustration parameter
observed for CoAlO;,.

MONTE CARLO METHODS

In our numerical simulations of Hamiltonian we used claaididonte Carlo techniques employing a parallel temperimgete
[24] where multiple replicas of the system are simulatedusiameously over a range of temperature. Thermal equildoraan
be dramatically increased by swapping replicas betweeghbering temperature points. An optimal set of tempergboints
in the vicinity of the phase transition has been identi ed éach ratio of competing interactiods=J; applying a recently
introduced feedback technique [25} 26]. The implementatichese algorithms was based on the ALPS libraries [27].
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FIG. 1: The diamond lattice, composed of two interpeneigaifCC sublattices (colored orange and green). Secondir@icgantiferro-
magnetic exchangé, generates strong frustration that is compounded by the ettigm from the nearest-neighbor exchanhe For
J,=J; > 1=8, this results in a large ground state degeneracy consistisgn spirals whose propagation wavevectors lie on a tingedsional
surface in momentum space. The arrows above denote theatiers of spins in the shaded planes for one such spiral wétfevector

g=2 (1=4;0;0), illustrated for ferromagnetid; for clarity.

@) (b) (©)

FIG. 2: “Spiral surfaces” comprising the degenerate spgjralind state wavevectors for coupling strenglbsJ; of (a) 0.2, (b) 0.4, and
(c) 0.85, where the last value is appropriate for Misc Order-by-disorder occurs at nite temperature, as thérmetuations lift the
degeneracy in the free energy. The surfaces are color-cmtEniding to the resulting low-temperature free energyaahavavevector, with
high values blue, low values red, and green the absolutemaini
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FIG. 3: (a) Numerical results for the ordering temperafliyeersus the coupling strengih=J; for systems withupttl =8 L* = 4096
spins. The ordering temperature rapidly diminishes in tleelphase upon adding frustration g, and, signi cantly, remains nite for
J,=J; > 1=8 where the spiral surface occurs in agreement with our doglatisorder analysis. The entropically selected ordeanbpw-
temperatures is denoted along the horizontal alq; and100 refer respectively to the green points in Figs. 2(b) and {¢)e “bumpy”
modulations inT. originate from an unusual nite size effect, namely vagas in the number of momenta in the Brillouin zone that for the
nite system approximate the spiral surface. (b) Regionkigh-intensity in the magnetic structure factor in the paagnetic phase just above
Tc. The data were obtained numerically for a system wite= 8 12° = 13824 spins at coupling strength,=J; = 0:85 appropriate for
MnSeSs . As evidenced by the remarkable similarity to Fig. 2(c), skreicture factor not only clearly reveals the underlyingasurface,
but also re ects the entropic corrections to the free enailgyg the surface.
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FIG. 4: (a) Structure factor da8** (q) versus( q) in the paramagnetic phase with=J; = 0:85, for whichT,  0:22J;. Essentially for
all T > T, the numerical data agree quantitatively with the sphenalel predictions (red curves), with one tting parameterresponding
to an overall scaling factor. The peaks in the upper two [Fcetrespond to points near the spiral surface, which resrdisternible up
toT  3T.. (b) Powder-averaged structure factor in the sphericalehatith J, = 0:85J; andJ; = J;=20. The data correspond to
temperatures ranging from just abole (black curve) to several timélg (orange curve). Corrections duedg initially dominate the signal,
but are rapidly washed out as temperature increases, tptvinrobust spiral spin liquid correlations. The data rdpoe well the diffuse
scattering aroun@g; 2 observed in powder neutron experiments.



12

_
2 10
<
N—r
>
(o))
P
1)
o
w 5
[0}
1)
S
L
0
18 14 1/2 3 3/4 1
2' "1

7 7
] T=0.29
6 1 Fe
2 5] L5
c ]
=} i
g 4 -4
S
~ 3] L3
(S
E
n°® 2 F2
1 F1
o771 0
0 2 3 4 5
Q [2p/a]

FIG. 6: Powder-averaged structure factor in the spheriaehwithJ>=J;  1=8. The data reproduce well the diffuse scattering observed
in powder neutron experiments.
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