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Nonlinear effects in the electrophoresis of a spherical colloidal particle
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The reduced electrophoretic mobility-reduced zeta potential relationship for a charged macroparticle is
shown to be nonuniversal and to be highly nonlinear. In agreement with experimental results, a mobility
reversal due to the macroion’scharge inversionand a nonlinear dependence of the mobility on salt concen-
tration is obtained.@S1063-651X~99!50407-8#

PACS number~s!: 82.70.Dd, 61.20.Qg, 82.45.1z
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In the presence of a weak electrical field,E, charged mac-
roparticles in solution acquire a steady state velocity,U,
which is proportional toE. This effect is known as electro
phoresis@1,2#. The electrophoretic mobility is defined asm
[U/E. The determination of the electrophoretic mobility
a colloid particle and its relation to the particle’s zeta pote
tial z ~i.e., the electrostatic potential at the surface of slippa
between the macroparticle and the electrolytic bathing s
tion!, is most relevant for the experimental characterizat
of macroparticles and for a wide variety of concomitant s
entific and practical problems@1,2#. The theoretical approac
to study electrophoresis is~i! to obtain the ionic structure
around thenonmovingmacroparticle, commonly known a
the electrical double layer~EDL! and~ii ! to use this equilib-
rium EDL as an input of a hydrodynamical theory to calc
late m. Since the pioneer work of Smoluchowski in 190
@1,2#, the development of a theoretical description of elect
phoresis has been advanced by improving on the above
main aspects of the theory. In 1931, Henry@1,2# computed
mobilities neglecting the relaxation effect; this is, he a
sumed that the spherically symmetric EDL around a mac
particle is not distorted when the external electric field, g
ing rise to the electrokinetic motion, is turned on. The rec
state of the theory is represented by the well-known work
Wiersemaet al. @3# and that of O’Brien and White@4#, here-
inafter referred to as the Wiersema, O’Brien, and Wh
theory ~WOWT!. WOWT improved Henry’s treatment b
taking into account the deformation of the ionic cloud arou
the moving macroparticle, i.e., the relaxation effect.
WOWT the macroparticles are at infinite dilution and a
taken to be hard spheres of radiusR, with a uniform surface
charge densitys. The ionic solution is represented by apoint
ion model ~PIM!; i.e., the ions ‘‘see’’ each other as poin
charges, immersed in a continuous medium of dielectric c
stant«. The structure of this EDL is calculated through t
Poisson-Boltzmann~PB! equation. WOWT predicts that th
dependence ofm on z is universal for symmetrical electro
lytes, for a fixed value ofkA, and exhibit a nonmonotonica
behavior for highkA @4#. A is the hydrodynamical radius o
the macroparticle andk is the inverse of the Debye length
which is defined by k25(4pbe2/«)( i 51

2 r izi
2.Here

b51/(kBT); kB is the Boltzmann constant,T is the absolute
temperature,r i andzi are the bulk concentration and valen
of ions of speciesi, ande is the protonic charge. The exis
PRE 601063-651X/99/60~1!/17~4!/$15.00
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tence of a maximum in them-z curves is a characteristi
feature of WOWT and its origin can be traced to the rela
ation effect. Moreover, in the usual range of experimen
conditions, this maximum seems to be confirmed allow
this theory to serve as the standard guidance for interpre
mobility measurements and relating them to the electr
properties~zeta potentials, surface charges, etc.! of the ex-
perimental systems under study. Although major disagr
ments have been reported between WOWT and experime
results@5#, up to now only minor additions have been adv
cated to revise it@1,2#.

On the other hand, the well established integral equati
formalism @6# has been used in the past to study the E
around a model spherical macroparticle@7–9#. The macro-
particle is modeled as in WOWT. However, the ionic so
tion is modeled by the so-called restricted primitive mod
~RPM!. In RPM the ions are taken to be hard spheres
diametera and chargeezi , embedded in a dielectric medium
of dielectric constant«. The ionic size is commonly taken a
that of a hydrated ion@6–10#. The hypernetted chain
~HNC!–mean spherical approximation~MSA! is an integral
equation that has been proven to be in good agreement
Monte Carlo data for the EDL of this model@8#. The HNC-
MSA result for the EDL of a spherical macroparticle, im
mersed in a RPM electrolyte, has important quantitative a
qualitative differences with that of the PB equation for
macroparticle immersed in a PIM electrolyte. Particularly,
RPM, a maximum inz as a function ofs is predicted@7–9#,
whereas in PIM it is not upper bounded. In the colloid liter
ture it is assumed that the location of the slipping surface
electrokinetic phenomena is at the distance of closest
proach between the ion and the macroparticle, i.e.,
r 5R1a/2. Hence,z5c0(R1a/2) and the hydrodynamica
radiusA is equal toR1a/2. In general,c0(r ) is the mean
electrostatic potential at the distancer from the center of the
macroparticle@6,7#. The existence of a maximum in thez vs
s curve must have important consequences for them-z rela-
tion. For a weak appliedE, WOWT calculatesm from the
first-order hydrodynamical fields around the PIM-ED
Thus, if a better description of the EDL is consistently inco
porated into the hydrodynamical equations, corrections to
relaxation would be incorporated into the resultingm-z rela-
tionship. Here we carry out this program and report resu
for the mobility of a charged macroparticle immersed in
RPM electrolyte.
R17 ©1999 The American Physical Society
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The ionic distribution, as a function of the distancer to
the center of the macroparticle, gives the structure of
equilibrium EDL, and is expressed in terms of the conc
tration profiles,r i

0(r )5r igi(r ).Here gi(r ) is the ionic re-
duced concentration profile~RCP! of the ionic speciesi. The
HNC-MSA integral equations for the RCPs are given
@6,7# gi(r )5exp$2buMi(r )1(m51

2 rm*cim(s)@gm(ur1su)
21#dV%, whereuMi(r ) is the interaction potential betwee
the macroparticle, represented by the subindexM, and an ion
of speciesi; cim(s) is the MSA direct correlation function fo
ions of speciesi andm, distant bys; anddV is the differential
volume element aroundM. In the limiting case ofa50, this
equation reduces to the integral equation form of the
theory; i.e., fora50 we recover the EDL for the PIM. From
the HNC-MSA equation, the equilibrium RCPs are nume
cally obtained and will be used as thenonperturbeddistribu-
tion functions in a perturbation treatment of the hydrod
namical field equations for the calculation of the mobilit
The corresponding governing equations for the hydro
namical fields and ionic fluxes can be derived from gene
nonequilibrium arguments involving the conservation of m
mentum and fluid and ionic mass. In our derivation of t
hydrodynamical equations we explicitly consider theionic
size, whereas the size of the solvent molecules is conside
only through the hydrated ion size, since the solvent is
continuous supporting medium of the hydrodynamical fi
equations. From the Liouville equation and a general exp
sion of the stress tensor, in terms of molecular variab
@11#, the momentum transfer equation~MTE! is found
to be h¹2u(r )2(m51

2 rm(r )¹vm(r )21/b(m51
2 ¹rm(r )

2(m,l 51
2 *rml(r ,r 8)¹uml(r ,r 8)dV850, whereh is the vis-

cosity of the fluid,u(r ) is the velocity of the electrolyte
around the macroparticle,vm(r )is the total electrostatic po-
tential at r , i.e., vm(r )5ezm@c(r )2E–r #,c(r ! is the non-
equilibrium mean electrostatic potential due to all the p
ticles in the system, andrml(r ,r 8)anduml(r ,r 8) are the two-
particle correlation functions in the presence of t
macroion, and the interaction potential for two ions of sp
ciesm and l, respectively; i.e.,uml(r ,r 8) is thehard sphere
plus theCoulombpotentials. In MTE, the first term is th
dissipative contribution, the second term is the external fo
tensor contribution due to interaction of the external fie
with the particles, and the last two terms are the contri
tions of the kinetic and intermolecular interactions stress t
sor components. From the generalized expression for
chemical potential of an inhomogeneous fluid@12#, the gra-
dient of the chemical potential of ions of speciesi, m i(r ),
is given by r i(r )¹m i(r )5r i(r )¹v i(r )11/b¹r i(r )
1(m51

2 *rmi(r ,r 8)¹umi(r ,r 8)dV8. This equation and the
MTE are combined to geth¹2u(r )2(m51,2rm(r )¹mm(r )
50. On the other hand, the diffusion equation for the ion
species is@]r i(r )/]t#52¹–Ji(r ), such that the ionic fluxes
are given byJi(r )5r i(r )u(r )2@r i(r )/ f i #¹m i(r ). Here f i is
the drag coefficient of an ion of speciesi. Thus, the station-
ary state ionic mass balance equation is¹•@ f ir i(r )u(r )
2r i(r )¹m i(r )#50. If all of the involved quantities are writ
ten in the general formC5C01dC, whereC0 represents
the quantity at equilibrium anddC is the assumed
small nonequilibrium deviation, the resulting differenti
equations for thedCs, up to linear terms, areh¹2u(r )
e
-
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2(m51,2rm
0 (r )¹dmm(r )50 and ¹•@ f ir i

0(r )u(r )
2r i

0(r )¹dm i(r )#50. Heredm i(r )is the deviation from the
equilibrium chemical potential for an ion of speciesi. These
last two equations are first order in our expansion around
unperturbed electrolyte’s distribution functions@rm

0 (r )#, in-
corporate the hydrated ionic size, extend the equations
ployed by WOWT, and can be numerically solved by
method similar to that of O’Brien and White@4# to finally
produce the electrophoretic mobilitym. If aÞ0, our theory
incorporates ionic size effects in electrophoretic mobility c
culations. Hereinafter we will refer to this theory as PM
~primitive model electrophoresis!. For a50, PME reduces to
WOWT. Notice thatc0(r ) can then be directly obtaine
from rm

0 (r ) @7#. Therefore,c0(r ) is implicitly taken into
account in our theory.

In Fig. 1 we present WOWT and PME results for th
reduced mobility,m* [(6pheb/«)m, of a macroparticle in
a 1:1 electrolytic solution. However, a Stern correction
WOWT has been made to consistently compare it with PM
i.e., when interacting with the macroparticle, th
macroparticle-ion distance of maximum approach isR
1a/2. In all of our calculations we have takena54.25 Å,
which is the value commonly taken as the diameter o
hydrated ion@6–10#. The ionic concentrations and macropa
ticle radii were chosen to achievek(R1a/2)55. We inves-
tigated two combinations of concentration and radius:r1

5r250.01 M andR5150.004 Å, andr15r251 M and
R513.088 Å. In Fig. 1~a!, we showm* as a function of the
reduced zeta potential,z* [ebz. For sufficiently low ionic
concentration and surface charge density, PME agrees
WOWT. However, the relevant feature here is that, wh
WOWT is universal for every system wherek(R1a/2) is a
constant, PME predicts very important quantitative a
qualitative differences between the mobilities of the abo
two cases. This effect should have important consequen
in the interpretation of mobility experiments. In Fig. 1~b!,
m* is plotted as a function ofs. Now, WOWT doesnot

FIG. 1. ~a! We showm* as a function ofz* ; curve 1 is the
WOWT universal prediction fork(R1a/2)55; curves 2 and 3 are
the PME results forr15r250.01 M andR5150.004 Å andr1

5r251 M andR513.088 Å, respectively. In~b! we plotm* as a
function of s; the upper curves are forr15r250.01 M andR
5150.004 Å, whereas the lower curves are forr15r251 M and
R513.088 Å. The electrolyte is a 1:1 electrolyte (T5298.16 K,
«578.54, a54.25 Å, f 15 f 252.212310219 dynes sec cm21,
h50.008 937 poise!. In all casesk(R1a/2)55. The broken and
solid lines are the WOWT and PME results, respectively.
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predict a universal behavior form* , a fact which apparently
had not been recognized before@13,14#. The results for 1:1
electrolytes included in Fig. 1 were computed in a range
conditions for which the HNC-MSA and the PBz~s! func-
tions are both monotonic@7,8#. In Fig. 2 we consider the
situation of a macroparticle moving in a 2:2 electrolyte
ionic concentrationsr15r250.5 M. Since we have estab
lished thenonexistenceof PME universal behavior of the
m* -z* curves, for constantkA, in Fig. 2 we compare
WOWT and PME for the same values of all the physic
parameters. Two cases of macroparticle’s radii were stud
R55 Å (kA53.31) and 80 Å (kA538.19). In Fig. 2~a! we
plot m* as a function ofz* . Consistent with Fig. 1, the
differences here between WOWT and PME are larger
higher valences and/or larger radiusR. Note first that PME
predicts two different mobilities for the samez* potential.
For this divalent case, PME also allows the occurrence
negative electrophoretic mobilities and negative zeta po
tials for our positivelycharged macroparticle. Experiment
results seem to indicate that this last effect is real@5,15–17#.
The origin of these novel characteristics of them* -z* rela-
tionship can be found in the nonlinear behavior ofz pre-
dicted by the HNC-MSA theory of the EDL@7,10#. In Fig.
2~b! we have plottedm* as a function ofs. The WOWT
curves do not have a maximum, whereas PME curves
This maximum implies that two macroparticles of the sa
size, but with different changes, can have the same elec
phoretic mobility. The higher the macroparticle’s surfa
charge density, the higher the electrical field drag force on
On the other hand, the higher the macroparticle’s surf
charge density, the narrower the EDL and, hence, the lo
the effective charge with which the particle travels. The co
bination of these two effects seems to explain the PME p
diction of m* as a function ofs. Most significantly, negative
mobilities for positively charged macroparticles are p
dicted by PME. A 2:2, 0.5 M electrolyte, around a 80 Å, 0
C/m2 macroparticle has an oscillatory counterion concen
tion profile ~see Figs. 3, 11, and 12 of Ref.@7#!. This is not
the case for the 5 Å, 0.3 C/m2 macroparticle@7#. Thus, if the
particle moves along with just an inner part of its EDL,
negative electrophoretic mobility seems to be physically
pealing, i.e., the macroparticle’s effective charge ‘‘seen’’
E is negative. In Fig. 3 the PME and WOWT results form*
of a R5200 Å, s520.056 C/m2 macroparticle, immersed

FIG. 2. m* as a function ofz* or s, for a macroparticle im-
mersed in a 2:2, 0.5-M electrolyte (f 15 f 254.42431029 dynes
sec cm!.
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into a 1:3 electrolyte, such as LaCl3, is plotted as a function
of the logarithm of the molar ionic concentration. Larg
values ofR do not change significantly the mobility value
Experimental data for latex in LaCl3, are also shown@17#.
The qualitative agreement of both WOWT and PME with t
experimental data is good; PME is better. The WOWT
sults were obtainedwithout assuming universality, as show
in Fig. 1. As the concentration increases, WOWT mobil
changes its increasing tendency and will not become p
tive, whereas PME does become positive and seems to b
better agreement with the linear increase of the mobility
the concentration increases in this logarithmic scale.

In the past, theoretical explanations for the maximum
the m* vs concentration curve have been proposed by ad
cating surface conductance,ad hocchoices ofz* potentials,
surface roughness and ‘‘hairy’’ layers@5,13,14,18–20#. Here
we show that, while these mechanisms could be present,
are not necessary to account for the mobility vs concen
tion maximum, which can be explained by simply not a
suming universality in WOWT or, better, by taking into a
count the ionic size in the mobility theory. The PM
concentration profiles around the macroparticle~not shown!,
for salt concentrations where a positive mobility is obtaine
in Fig. 3, show a charge reversal, as proposed in the past@10#
and observed in polymer experiments@21,22#, whereas those
from WOWT do not. A similar agreement to that in Fig. 3
obtained when WOWT and PME are compared to exp
mental results for the mobility as a function of CaCl2 con-
centration @17#. The counterion and co-ion concentratio
profiles for salt concentrations, where the reversed mob
is obtained, have the same qualitative behavior~not shown
here! as that in Fig. 21, for the 1 M case, from Ref.@10#
where, to the best of our knowledge, the reversed mob
was first theoretically predicted. Our finite ion size theo
~PME! extends the WOWT to include ionic size effect
PME has very important quantitative and qualitative diffe
ences with WOWT. In PME, no universality of the electr
phoretic mobility is found and a highly nonlinear behavior
the electrophoretic mobility is predicted. For certain con
tions, an inverted electrophoretic mobility is predicted. E
perimental evidence of this inverted mobility has been
ported in the past@5,15–17#. None of these effects
arepredicted by WOWT or any other transport theory. Ho
ever, in the limit of zero ionic diameter, PME reduces
WOWT. A comparison with experimental data of WOW
~without assuming universality! and PME, for the mobility

FIG. 3. m* as a function of the log10 of LaCl3 molar concentra-
tion ( f 156.63631029 and f 252.21231029 dynes
sec cm21!. The black dots are the experimental data~Ref. @17#!.
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vs electrolyte concentration, shows good qualitative agr
ment@5,17#. This mobility reversal, as predicted by PME,
related to the charge inversion phenomena observed in p
mer studies@21,22#.
ol

ns

u-

n,
e-

ly-

Financial support by CONACYT ~Grant Nos.
4002005L007E and 4002005C086A! and the NSF~Grant
No. PHY94-07194! is acknowledged. E.G.T. acknowledge
IFUASLP.
,

m.

ce

.
es
@1# R. J. Hunter,Zeta Potentials in Colloid Science~Academic
Press, London, 1981!.

@2# W. B. Russel, D. A. Saville, and W. R. Schowalter,Colloidal
Dispersions~Cambridge University Press, Cambridge, 1989!.

@3# P. H. Wiersema, A. L. Loeb, and J. Th. G. Overbeek, J. C
loid Interface Sci.22, 78 ~1966!.

@4# R. W. O’Brien and L. R. White, J. Chem. Soc., Faraday Tra
2 74, 1607~1978!.
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