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Abstract

We propose a mathematical scheme to classify the eigenmodes of linear adiabatic oscillations of spherically
symmetric stars, with fully taking account of the perturbation to the gravitational potential. The scheme allows
us to allocate a unique and continuous integral index (the radial order) to each eigenmode with a positive squared
eigenfrequency of any stellar structure, which is invariant against any continuous change in the equilibrium structure.
Based on this index, we can unambiguously define the three kinds of eigenmodes of adiabatic stellar oscillations, p

modes, g modes, and f modes.
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1. Introduction

The eigenmode analysis is one of the most fundamental
problems in theory of stellar oscillations. In this paper, we
concentrate on the simplest case, linear and adiabatic oscilla-
tions of spherically symmetric stars, which are free from the
effects of rotation and the magnetic field. In this case, the angu-
lar dependence of perturbed physical quantities is described by
spherical harmonics. Each spherical harmonic is characterized
by the two indexes, the spherical degree / and the azimuthal or-
der m. The former is equal to the total number of nodal lines of
the angular pattern on a sphere specified by the spherical har-
monic, while the latter is equal to the number of nodal lines of
the pattern that pass through both of the poles.

It was Cowling (1941) who empirically classified the nonra-
dial eigenmodes (with / > 2) by examining the physical char-
acter of oscillations in the case of polytropic models. He di-
vided the eigenmodes into three categories: the high frequency
branch, the low frequency branch, and the single eigenmode
with an intermediate frequency for a given /. Following the na-
ture of the restoring force, the high and low frequency branches
were named as pressure (p) modes and gravitational (g) modes,
respectively, while the mode in the third category was called
the fundamental (f) mode, which is interpreted as consisting
of surface gravity waves. However, it is not straightforward to
justify this classification for general stellar models with math-
ematical rigor. In fact, our current mathematical understanding
of the eigenmode analysis depends on /.

In the case of radial oscillations, which have / = 0, the prob-
lem is essentially reduced to the Strum-Liouville problem (e.g.
Ledoux & Walraven 1958), whose properties have been exam-
ined thoroughly in mathematics. We can show that there al-
ways exists an eigenmode with the lowest frequency, which is
called the radial fundamental mode. Note that it is not related
to the fundamental modes of the nonradial case that Cowling
(1941) introduced. There is only one node at the center in the

radial component of the displacement vector &, of the radial
fundamental mode. The eigenmode with the second lowest fre-
quency is termed the first overtone mode, which has two nodes
(one at the center and the other between the center and the sur-
face) in &,. Generally speaking, the number of nodes in &, of
the eigenmode with the n-th lowest frequency [the (n — 1)-th
overtone mode] is generally equal to n. We can thus tell the
order of a given eigenmode in the eigenfrequency spectrum by
only counting the number of nodes in &,. It is important that, if
we follow the eigenmode with the n-th lowest frequency dur-
ing continuous changes in the equilibrium structure, the cor-
responding eigenfunction &, keeps having n nodes. Because,
from a physical point of view, the restoring force of radial os-
cillations is the pressure gradient, all of the radial modes are
qualified to be called p modes. The eigenmode with the n-th
lowest frequency is then regarded as the n-th p mode (the p,
mode).

The problem of nonradial oscillations, which have [ > 0, is
more complicated, because the buoyancy force takes part in
the problem due to inhomogeneity induced in the horizontal
direction. From a mathematical point of view, the reason for
the complexity is that the governing system of equations is of
the fourth order, to which the Strum-Liouville theory is not
applicable.

The dipolar modes, which correspond to the case of [=1, are
exceptional in this context, because there exists a specific inte-
gral coming from momentum conservation, which reduces the
order of the governing system of equations from four to two
(Takata 2005, 2006a). The resultant system can be analyzed
by the Strum theorems (e.g. Arnol’d 1992; Eckart 1960). In
general, there does not exist the minimum value in the eigen-
frequency. The frequency spectrum usually has an accumula-
tion point at zero, and there is no upper bound in it. We can still
identify the origin of the eigenmodes that corresponds to the ra-
dial fundamental mode (or, equivalently, the first p mode). The
order of each eigenmode relative to the origin in the eigenfre-
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quency spectrum is then known from the corresponding eigen-
functions. The p modes are defined as the eigenmodes with
frequencies higher than or equal to that of the origin, while
we can characterize the g modes as the modes with frequencies
lower than that of the origin. The relative order in the frequency
spectrum provides the unique and continuous integral index to
each mode, which can be identified as the radial order. The
radial order is again invariant against continuous change in the
equilibrium structure.

For the quadrupolar and higher multipolar modes (the modes
with [ > 2), there has been no mathematically exact scheme to
classify the eigenmodes. What has often been done is to ignore
the perturbation to the gravitational field caused by oscillations,
following Cowling (1941). Once we accept this treatment (the
Cowling approximation), the order of the governing system of
equations is decreased from four to two. We can readily apply
Strum’s analyses to the second order system, so that the radial
order of each mode can be calculated from the eigenfunctions
(Eckart 1960; Scuflaire 1974; Osaki 1975). It is known that this
scheme appears to give valid radial orders to almost all eigen-
modes (with [ > 2) of any realistic stellar models. However, it
would be valuable if we could establish a complete scheme of
the mode classification without assuming the Cowling approx-
imation to understand the structure of the problem deeply.

In this paper, we focus on the problem of the mode classifi-
cation of adiabatic stellar oscillations, fully taking account of
the perturbation to the gravitational field. The key point of our
analysis is that it is based on the mathematical framework de-
veloped in the field of seismology (Woodhouse 1988), which
provides an original view of eigenvalue problems of a specific
type. We not only reproduce the framework in an elementary
way, but also make extensions in a few points. We explicitly
discuss the case of degeneracy in which two eigenmodes with
the same spherical degree happen to have the same eigenvalue.
In addition, we devise a scheme of the mode classification that
is specific to linear Hamiltonian systems with two degrees of
freedom.

The structure of the paper is as follows: we summarize the
formulation of the problem in section 2; a scheme of the mode
classification is proposed in section 3; section 4 is devoted to
discussion; we finally give conclusion in 5. The preliminary
results of the present study are found in Takata (2012).

2. Formulation of the Problem

2.1. Standard Formulation Based on the Fitting Method

Adiabatic oscillations of stars are generally governed by four
kinds of physical equations: the (perturbed) continuity equa-
tion, the (perturbed) Euler equations, the (perturbed) Poisson
equation of the gravitational potential, and the adiabatic re-
lation between the pressure and the density (e.g. Unno et al.
1989). These equations can be arranged to form a fourth order
system of ordinary differential equations,

dy

dx Ay o
in which x means the fractional radius, y is a four component
vector composed of perturbed physical quantities, and A is a
four by four matrix. The elements of A are not divergent ex-
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cept at the center (x = 0) and the surface (x = 1). The matrix A
depends on not only x but also the dimensionless squared an-
gular frequency A and the spherical degree /. We assume 4 >0
throughout this paper.

There are two boundary conditions set at the center, which
guarantee that the perturbed physical quantities are regular at
x =0, while the other two boundary conditions are set at the
surface. As one of the surface boundary conditions, we re-
quire that the Lagrangian perturbation to the pressure vanishes,
which means that no force operates on the star from the out-
side. The other surface condition is that the gravitational po-
tential and its first derivative are matched with the appropriate
solutions in the outside of the star at the surface.

We therefore find that only two of the four linearly indepen-
dent solution vectors of equation (1) satisfy the central bound-
ary conditions. We denote such solution vectors by y~(1 (x)
and y©® (x). Any solution vector that satisfies the central
boundary conditions can be expressed as a linear combination
of y* (x) and y“® (x). In other words, the whole solution
vectors that satisfy the central boundary conditions constitute a
two dimensional linear space L (x) at each radius x. Similarly,
two linearly independent solution vectors selected by the sur-
face boundary conditions are indicated by y*" (x) and y>® (x).
The corresponding linear space is expressed by L*(x). Note that
all of y>@ (x) and y>@ (x) (i = 1, 2) are also functions of A (and
0). Introducing the discriminant D (1), which is defined by

D) =]y V) y¥@) ¥V »Ou) |, @

we can express the condition of an eigenmode as D (1) = 0.
Note that the fitting point x; is included in the interval (0, 1).
Thus, each eigenvalue A is identified as a root of D(A4).

2.2. Formulation in Terms of the Exterior Products

We can regard the condition for an eigenmode [D (1) = 0] as
a specific relation among the four solution vectors y*® (x) and
¥y (x) (i =1, 2). In order to evaluate D, we do not need to
know all of these vectors separately. In fact, if we introduce

the exterior products between two vectors y" and y® by
(1 (2)
) Yi oY
(D (2)
Yio Y

2 1.2 2) (1
yi Ay (v, ¥®@) = M@ _ @0

=YY Yy 3)

(e.g. Arnold 1989), D can be expanded as
D) = (1 Ay2) (3 Aya)” = (1 Ay3) (2 Aya)®
+ 1 AYD (2 AY3) + (32 Ay (1 Aya)’
= (2 AYD (1 A+ (3 Ay (1 Ay2)° )
(an example of the Laplace expansion of the determinant),
where
b
(i nyi) =yiny; (>0, y*@) forb=c.s. 5)

As fundamental properties of exterior products, we note the
following relations among any vectors y (i = 1, 2, 3) and any

scalars a and b:
iAyi(ay? +by?, y) = ay; ny; (0, ¥

+byi Ay; (y®, y?) s (©6)

Vi Ay (77 ¥) = =y A v (Y ) (7)
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and

yihy (00, 5®) = iy (6@ ¥ V) ®)
We particularly have

i Ayi(y", y?)=0 ©)
and

yiAyi (™, yP)=0. (10)
In addition, we can show

01 AY2) (3 Aya) = (1 Ays) (2 Aya)

+ 1Ay 02 AY3) =0, (11)
by expanding the determinant of the singular matrix,

( yO oy g @ ) (12)

Equation (4) suggests that all we need to evaluate D are the
exterior products only. We therefore consider the differential
equations that the exterior products satisfy. If we introduce the
four by four matrix Y(y('), y(z)) whose (i, j) element is given
by

[ 5®)],, = Aw (0 52) (13

it is straightforward to show that Y satisfies the linear system
of equations,
dy

=AY+ YAT,
dx

(14)

where the superscript 7 indicates a transpose matrix. Note that
only five out of sixteen elements of equation (14) are indepen-
dent because Y is antisymmetric [cf. equation (7)], and there is
an identity given by equation (11). Since the boundary points
(x =0 and x = 1) are the singular points of equation (14), we
need to construct the series expansion of Y near the boundaries
to start integration from the boundaries. These expansions are
clearly calculated from those of y>("(x) and y*®(x) near the
center, and those of y*((x) and y>®(x) near the surface. We
can thus integrate equation (14) from both of the center and the
surface. Let us introduce Y° by

Yo=Y (30, y@) forb=c,s. (15)

We can evaluate D to find eigenvalues based on equation (4),
the right-hand side of which is calculated from the elements of
Y€ and Y*® at x = x;. We discuss how to determine the associated
eigenfunctions (for non-degenerate eigenmodes) in subsection
24.

If y = ay® for some scalar a, Y(y(l),y(z)) is equal to a
zero matrix [cf. equations (6) and (10)]. On the other hand,
if Y(y('), y(z)) is equal to a zero matrix, it is shown that y(!
and y® are linearly dependent on each other. In this sense,
Y(y“), y(z)) is a measure of the linear independence of y"
and y®. In general, from a given non-zero antisymmetric ma-
trix Y(y(l), y(z)), whose elements satisfy equation (11), we can
construct a pair of linearly independent vectors, which can be
adopted as y\" and y®.

When we construct YP (for each of b =c, s), we may replace
y>D(x) and y>P(x) by any pair of their linear combinations,
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7> (x) and 3@ (x), which are linearly independent of each
other. If we describe the transformation by

(V@ #PwW)=(»Pw POw M. 16

where MP is an arbitrary two by two constant regular matrix,
equations (6) and (8) tell us

YiAy; (j:b’(”(x),jfb’(z) (x))
_ |Mb| yi/\yj(yb’(')(x),yb’(z) (x)) )

We thus find that Y® is only multiplied by the non-zero constant
|Mb|, even if we adopt 3> and 7@ in place of y>(V and y> @,
respectively. This means that Y® is unique up to a (non-zero)
constant factor as long as L is fixed.

The two linear spaces L°(x) and L*(x) are identical to each
other for 0 <x<1, if and only if the equality Y°=aY® holds for a
non-zero constant a at x = x¢. In this case, any solution vector of
equation (1) that satisfies the central boundary conditions also
satisfies the surface boundary conditions. This is the case of
degeneracy, in which two linearly independent eigenfunction
vectors are associated with the same eigenvalue.

A7)

2.3. Application of the Properties of Hamiltonian Systems

It is shown that equation (1) can be reformulated as the sys-
tem of canonical equations of a linear Hamiltonian system with
two degrees of freedom (cf. appendix 2). We may therefore set

v=(p @ @) . (18)

where p; and ¢; (i = 1, 2) are canonical variables. The cor-
responding coefficient matrix A is expressed in terms of the
derivatives of the Hamiltonian H as

-RT -Q
(7R
in which we have introduced the three two by two matrixes P,
Q, and R by

19)

OH
Pj=7—F—": (20)
1 Opidp;
OH
= 21
Q) dq0d; 21
and
o*H
R)j=7—F: (22)
s apiaqj

respectively. One of the most fundamental properties of linear
Hamiltonian systems with two degrees of freedom is that the
symplectic form,

2
S, y?)= > pingi(y", y?) =y 9@, (23)
i=1

is a constant of integration for any pair of solution vectors, y(I’
and y®, of equation (1) (e.g. Arnold 1989). Here we have
introduced the four by four antisymmetric constant matrix J by

[ Oy 1
J—(_|2 02), (24)
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in which O, and |, are a two by two zero matrix and a two by
two unit matrix, respectively. There exists a trivial relation,

3(y<1>, y<1>> -0, 25)

for any four component vector y" [cf. equation (10)]. The
constancy of S is directly proved by differentiating it as

a4 [y<1>TJy<2)] =y (JA+ATY) @ =0, (26)
dx
because we can verify from equations (19) and (24)
(P R\_ ,r
JA_(RT Q)_—AJ, 27

which means JA is symmetric. Particularly, the boundary con-
ditions of the problem require

S(yb’(”, yb,<2)) =0 forb=c,s, (28)

as we show in equations (A66) and (A91), respectively.
Another general property of linear Hamiltonian systems with
two degrees of freedom is that the determinant of any four by
four matrix whose columns are composed of four solution vec-
tors y(x) (i=1,2,3,4) is a constant of integration (Liouville’s
theorem). This is because there is an algebraic relation,

| yP ¥y Y@y |

= SR _ g4 g3 _ 51,2 G4 (29)
in which we have introduced the notation,
Sh = S(y(i) (), y(j) (x)) (30)

(cf. appendix 1.1). Therefore, the discriminant D, which is
defined by equation (2), does not depend on x¢, as long as we
adopt the canonical variables as the elements of y [cf. equation

(18)].
24. Eigenfunctions

The purpose of this subsection is to explain how to determine
the eigenfunctions of a non-degenerate eigenmode from the ex-
terior products. We begin with an algebraic identity among any
four four-component vectors y? (i = 1,2, 3, 4),

SEHTLI _ g2.3)T74) _ qL.HT23 | §L.IT24H

= YEHIYD v gyGa (31
where

TED = yDyDT 4y 0T (32)
and

N4 - Y(y(i), y(j)) (33)

(cf. appendix 1.2). For an eigenmode, the condition D (1) =0
implies that there exists at least one vector y(x) for 0 < x <1 that
is expressed as a linear combination (with constant coefficients)
of y>M(x) and y>®(x) in the both cases of b = ¢ and s. Such
y(x) corresponds to an eigenfunction vector. Without loss of
generality, we may set both of y>(V and y*> to y. If we set

y =y =y, (34)
e (35)
yW=yU=y, (36)
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and

yWW=y@=y, (37)
equation (28) provides

S(y,yb)zo forb=c,s. (38)
Then, we obtain from equation (31)

ﬂmfzéwUW—YUW), (39)
where p is independent of x since it is defined by

p=S0G%y) . (40)

As far as u # 0, equation (39) relates the solutions of equation
(14) to the eigenfunction vector y. In fact, aside from the global
normalization factor, we can determine y(x) up to a sign at each
x. The sign should be fixed so that y(x) is continuous at each x.

The constant y is actually a discriminant for degeneracy. In
the case of degeneracy, we may regard y° = y°, so that u = 0.
On the other hand, if u = 0, y* belongs to a linear space con-
sisting of all vectors z that satisfy S(y°, z) =0 and S(y, z) =0.
Because the two vectors y and y°© are also members of this two
dimensional linear space, they can form a set of basis vectors
of the space. Therefore y* can be expressed as a linear combi-
nation of y and y°. This means that the two linear spaces L° and
L* are identical to each other. We thus understand that y = 0 if
and only if we find degenerate eigenmodes.

2.5. Alternative Choice of the Dependent Variables

Once we understand the properties of the problem as a linear
Hamiltonian system with two degrees of freedom, it is conve-
nient to change the dependent variables from Y to vectors u and
v, which are defined by

1| PrAP2tqi A
u=-| pPAQ+p1IAqQ (41)
PiNqL—Pp2 NG
and
L{ piAP2—qiAq2
V== , 42
Z(Pqul—Pl/\fh “42)

respectively. We can translate equation (14) into the system of
ordinary differential equations,

dm
— =Bm, 43
o, bm (43)
where m is the five component vector defined by
u
m—( ‘ ) , (44)

and B is a five by five matrix whose explicit expression is given
in appendix 2.2. If we introduce a five by five diagonal matrix,

K=diag(l,1,1,-1,-1), (45)
we can show
KB =-B'K, (46)

which means KB is antisymmetric [cf. equation (A39)].
Equation (46) ensures that
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[0 K0 = a0 - 90 9 (47)

is independent of x for any

u(x) )

yO(x) (43)

m® (x) = (
(i =1, 2) that satisfy equation (43). Let us put the superscript b
(b=c,s) to u,v,and mto indicate that they are constructed from
the elements of Y. As we find for Y, the condition m® = am®
holds at x = x; for a non-zero constant a, if and only if we
encounter the case of degeneracy.

We present three crucial relations for the mode classification.
The first one is

D) =2 -u*—v° V"), (49)

which replaces equation (4) with the help of equation (28). The
constancy of D with respect to x; is then confirmed by that of
equation (47). The second relation is provided by

|ub ()c)|2 = |vb ()c)|2 forO<x<landb=c,s, (50)

which represents equation (11) because of equation (28).
Equation (50) can be regarded as a particular case of equation
(47). The last one is obtained by taking the trace of the both
sides of equation (39) as

D

With suitable expansions near the boundaries [cf. equations
(A67) and (A90)], we may integrate equation (43) instead of
equation (14) to calculate the discriminant given by equation
(49). Every time we find a root of D (an eigenvalue) for a
non-degenerate eigenmode, we can determine the correspond-
ing eigenfunctions based on equation (39), the right-hand side
of which can be evaluated by m° (b = c, s) using the relation

ulyl? = —4vi Avy (05, 0%) = 4(\/;\/31 - vag) .

b b b

0 u'l’ +vt1’ u; Uy — vy
_b_ b b, .b " b
ye=| TH bO o 2TV o (52)
—bu3 . —u2b—v2 b0 . uj = v,
—luy + Vv, u; —uy + vy 0

3. Mode Classification
3.1. A Basic Idea

In the case of radial oscillations, we may interpret that the
eigenmodes are classified based on the surface values of the
phase angle, which is defined as the polar angle of the phase
point (&,, 6p), where dp is the Lagrangian perturbation to the
pressure. Similarly, in the case of dipolar oscillations, a differ-
ent pair of the eigenfunctions is used to define the appropriate
phase angle, which is then used to classify the eigenmodes.
Following these examples, we look for an appropriate defini-
tion of the phase angle for the eigenmodes with any spherical
degree.

For each A, we can calculate D and its derivative (with re-
spect to 1) D,;. We assume for a while (D,, D) # (0, 0). If we
follow the position of the point (D,, D) as a continuous func-
tion of A on the two dimensional plane, an eigenmode is found
every time the point comes on the abscissa axis. If we then in-
crease A, the ordinate of the point increases or decreases, if the
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abscissa is positive or negative, respectively. Thus, the point ro-
tates about the origin in the counterclockwise direction, when
D = 0. Once the point moves from the positive (negative) part
of the abscissa axis to the first (third) quadrant, it never comes
back to the abscissa axis from the same quadrant, because the
ordinate must increase (decrease) in the first (third) quadrant.
The only possibility for the point to get to the abscissa axis
again is to move in advance to the second (fourth) quadrant,
where the ordinate decreases (increases). Therefore, next time
the point comes back on the abscissa axis, it reaches the part
of the opposite sign. In other words, if we compare the polar
angles of the point that corresponds to two successive eigen-
modes in the frequency spectrum, that for the larger eigenvalue
is larger by m than that for the smaller eigenvalue. This consid-
eration suggests an idea that each eigenmode is uniquely char-
acterized by the polar angle of the corresponding point (D,, D),
which is equal to an integral multiple of 7. In order to establish
a scheme of the mode classification based on this idea, all we
need is to evaluate the sign of D, and that of D, for D=0, which
will be discussed in subsections 3.2 and 3.3, respectively.

The case of (D,, D) = (0, 0) requires a special care, because
it could make the proposed idea void. It will turn out that this
corresponds to the case of degeneracy in subsection 3.3. We

study this case in detail in appendix 4.
3.2. The Sign of the Discriminant

Let us introduce the amplitude A® and the polar angle 6° of
W (for b = c, s) by

" = APcos 6P (53)
and
vy = APsing® . (54)

Equation (50) guarantees |ub| = A®. It is important that A® # 0
for 0 < x < 1. In fact, if A’ =0 at a certain radius in (0, 1),
then both of u® and v are null vectors there. Since these vec-
tors form the dependent variables of the linear and homoge-
neous system of ordinary differential equations, which is given
by equation (43), the dependent variables are totally zero for
0 < x <1, once they are all zero at a radius except for the
boundaries. This clearly contradicts the boundary conditions
that constrain the dependent variables to be non-trivial. We
thus understand A® > 0 for 0 < x < 1.

On the other hand, we determine #° at each radius by fol-
lowing the profiles of vll’ and vg from the corresponding bound-
ary, which are in turn obtained by integrating equation (43).
Consequently, we can define 6° as a continuous function of x.
(If A’ =0 at an intermediate radius, #° generally changes dis-
continuously at the radius.) If we set the initial value of 6° (6° at
the center and 6° at the surface) to be a continuous function of
A and the spherical degree, it also depends on these parameters
continuously. Moreover, if the initial value changes continu-
ously against any continuous change in the equilibrium struc-
ture, 6° varies continuously against the change. These proper-
ties of 6 are essential for the mode classification.

If we introduce

A0=6° -6, (55)
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and define 4¢ as the angle between u¢ and u°, equation (49) is
rewritten as

D(Q) =2A A% [cos (4¢) — cos (40)] . (56)

Note that 460 and 4¢ have to be calculated from v® and u®, re-
spectively, at the same radius x = x¢. From equation (56), we
find

sign[D ()] = sign[cos (4¢) — cos (460)]

The domain of 46 is (—co, +0), because #° and #° are cal-
culated separately as the polar angle of ¥* and v*, respectively.
On the other hand, since 4¢ is defined as the angle between
the two three dimensional vectors, u¢ and u®, its domain is
restricted to [0, 7]. It is of particular importance to exam-
ine in which case we have sin(4¢) = 0 for D = 0. Since
cos(4¢) = £1, D =0 yields cos(40) = 1. We therefore obtain
(46, 4¢) = (0, 2nr), (r, 2n+ 1)7) for some integer n, which
means that m® and m® are parallel or antiparallel to each other.
This corresponds to the case of degeneracy. We thus find

for 0 < x; < 1.(57)

{ sin(4¢) >0 for non-degenerate eigenmodes , (58)

sin(4d¢) =0 for degenerate eigenmodes .

3.3. The Sign of the Derivative of the Discriminant with
Respect to A

We evaluate D, for D =0 based on equation (29). If we sub-
stitute equations (34)—(37) after differentiating equation (29)

with respect to A, we obtain
Dy=uSy(y* . y*") for D=0, (59)

because of equation (38). Since the expression of S, is given
by equation (A125) with @ = 4, we have

D/l :ﬂ-[(ys y) s (60)
where
1
I,y = f Y (~JA)ydx>0 61)
0

[cf. equation (A51)]. Thus, the sign of D, is equal to that of u
for D = 0. Therefore, the case of (D,, D) = (0, 0) is equivalent
to that of degeneracy. On the other hand, because equation (51)
can be rewritten as

ulyl> = 4A°A°sin (46) (62)
[cf. equations (53), (54), and (55)], u has the same sign as
sin (46) for 0 < x¢ < 1. Considering equation (58), we find

sign[D,] = sign[sin(40)sin(4¢)]

forD=0andO0<xs<1. (63)

We may evaluate in passing the second derivative of D in the
degenerate case based on equation (29). If we denote the two
linearly independent eigenfunction vectors that are associated
with the degenerate eigenvalue A by y() and y®, we may set in
line with equations (34)—(37) y® = y» and y® = y®. Then, it
is straightforward to show

Du=1(y", y") (@, ¥®) >0
forD=0and D, =0
[cf. equation (61)].

(64)
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34. A Scheme of the Mode Classification

Based on equations (57) and (63), we intend to define the
angle ®, which satisfies

_ cos(4¢) — cos(40)
~ sin(46)sin(4¢)

as a continuous function of 46 and 4¢. Note that we concen-
trate on non-degenerate modes for a while because both of the
denominator and the numerator of the right-hand side of equa-

tion (65) are equal to zero for the degenerate case. Standard
formulas of trigonometry allow us to rewrite equation (65) as

tan®

(65)

{an® = tan (ch + g) , (66)
where we require that @ satisfies
tan %’
tan® = - 67)
tan 7"5

If @ can be defined as a continuous function of 40 and 4¢, we
may set

=20+ g . (68)

We need to treat the right-hand side of equation (67) care-
fully. The denominator can be zero or divergent for 4¢ = 0
or m, respectively, while the numerator is so for 46 = 2nm or
(2n + 1)m, respectively, for any integer n. When the denomina-
tor approaches zero, it always does so from a positive side, be-
cause 0 <A4¢ <n. Therefore, as far as the numerator is different
from zero, which is true in the absence of degenerate modes,
we find tan ® goes to +oo, where the double sign corresponds
to the sign of the numerator. When the denominator diverges,
we can safely set tan® =0, since the numerator is finite if there
is no degenerate modes. Similarly, we find tan® = 0 when the
numerator is equal to zero, because the denominator is differ-
ent from zero for a non-degenerate mode. The most delicate
case is found when the numerator is divergent, which happens
when 46 approaches (2n+ 1) for some integer n. We may
safely regard that the denominator is positive or zero, and not
divergent, since 0 < 4¢ <  if there exist only non-degenerate
modes. What we should pay attention to is the fact that the
sign of tan® depends on the direction of the approach of 46 to
(2n+ 1)x. In fact, we find tan® — o0 as 40 —» 2n+ 1) nF,
where the double signs correspond to each other. This means
that, when 46 passes through (2n + 1) 7 in the increasing direc-
tion, tan @ changes discontinuously from +oo to —co.

When we encounter the case of degeneracy, both of the de-
nominator and the numerator of equation (67) are divergent or
equal to zero, which means that tan ® is indefinite from this
equation. We should rather consider how the trajectory of the
point (D,, D) behaves geometrically near the degenerate case.
In figure 1, the case (2) corresponds to the equilibrium structure
with the degenerate eigenvalue A4 at the origin, while the cases
(1) and (3) are the profiles of the perturbed structures. Based
on the considerations in appendix 4, we find that the curve in
the figure can transit from the case (2) to only the case (3), and
to the case (2) from only the case (3), whatever perturbation
we put to the equilibrium structure. The case (2) can thus be
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Fig. 1. Schematic behavior of the curves on the (D,, D) plane.
Different curves correspond to different equilibrium structures. The
arrow of each curve indicates the direction in which A increases. In the
case (2), the equilibrium structure has a degenerate eigenvalue, which is
found at the origin. The labels (1), (2), and (3) of the curves correspond
to those in figure 4.

regarded as the limiting case of the case (3). We may there-
fore consider that, if the polar angle of the point on the curve
(2), hence @, approaches nym for some integer ny as 4 — Ag—,
then it does (ny; + 1) as A — Aq+. The value of n, should be
the same as that adopted for the point 1 on the curve (3). We
should thus allocate the two values of nym and (ng+ 1) to ®
for the degenerate case. The value of ® should be arranged so
as to satisfy this requirement.

From all of the discussions given above, we relate 46 and 4¢
to @ as

46 1
O=Py+|—+ =
2n

2
in which [ X] means the floor function of X that returns the
maximum integer not larger than X. The angle @y is defined
by

T, (69)

tan &
arctan s
tan 5

if 40 # 2n+ 1) and
O<dp<m,

sign [tan "79] Z ifA0#nrandAp=0,

D=1 0 if 40 # 2n+ DHrand 4 =n, (70)
-3 ifA0=Q2n+1)rand 4¢p # 1,
+1 if (46, 4¢) = 2nr, 0) or

@n+Dnm, ),

where 7 is any integer, and the domain of the arctangent func-
tion (in the first case) is restricted to (—m/2,7/2), so that
—n/2 < ® < /2. Note that, although @, is discontinuous at
460 = (2n+ 1) for any integer n, the discontinuity is compen-
sated by that of the floor function in equation (69). The last
case on the right-hand side of equation (70) corresponds to the
case of degeneracy. From equations (68) and (69), we finally
give the definition of ® as

460 1

@=zq>o+(z{—+- (1)

2 2

L]
271'.
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Fig. 2. Schematic behavior of ® as a function of A. The points with
dots correspond to eigenmodes. When A = 1,4, © takes the two values,
nmand (n + 1), which correspond to the two degenerate eigenmodes.

The angle ® changes discontinuously as a function of A only
when A is equal to a degenerate eigenvalue, for which the two
values of nym and (ng + 1) 7 are returned with

(72)

When O is equal to a multiple of x, its derivative with respect
to A must be positive for non-degenerate eigenmodes. On the
other hand, if ® is not equal to a multiple of x, it can increase or
decrease as a function of A. These behaviors are schematically
shown in figure 2.

The angle ® defined by equation (71) provides the funda-
mental relation for the mode classification. The condition for
an eigenmode is clearly given by ® = Nr for some integer N.
The integer N should be regarded as the radial order of the
eigenmode. Note that ® generally depends on x;, because 46
and 4¢ do so. However, since equations (57) and (63) hold
irrespectively of the value of x¢, N is independent of x¢. Two
adjacent eigenmodes in the frequency spectrum with different
eigenvalues have two successive values of the index N, which
is also true for any two (degenerate) eigenmodes with the same
eigenvalue. The index N is therefore unique and continuous.
It appears that we may add any integral multiples of 7 to the
right-hand side of equation (71). Actually, we have already
used this freedom to fix the origin of the index N so that N =1
is allocated to the radial fundamental mode as we show in ap-
pendix 5. For this purpose, the initial values of 6° and 6° have
also been chosen properly at the center and the surface, re-
spectively [cf. equations (A69) and (A93)]. Note that these
adjustments generally depend on the definitions of the canon-
ical variables, which are given by equations (A12)—(A15) in
the present study. Once we fix the fiducial value of the index
N for the radial fundamental mode, we may determine the in-
dex of any eigenmodes of any models. The classification of
non-degenerate eigenmodes is established as follows: we re-
gard the eigenmodes with positive N as the N-th p mode (the
py mode); we interpret the eigenmode with / # 1 and N <0
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as the |N|-th g mode (the gy mode), while that with /> 2 and
N =0 1is considered as the f mode; the case of /= 1 needs a spe-
cial care, because it is known by physical discussion that the
frequency of the f mode goes to zero; the dipolar eigenmode
with N < 0 should therefore be classified as the (|N|+ 1)-th g
mode (the g+1 mode). This is consistent with the numeri-
cal experiments in which it is claimed that the quadrupolar f
and g, modes turn into the dipolar g, and g,,; modes, respec-
tively, by changing the spherical degree continuously from 2
to 1 (Aizenman et al. 1977; Christensen-Dalsgaard & Gough
2001). Note that, in the scheme of the dipolar mode classifica-
tion proposed by Takata (2006a), the mode index is adjusted so
that the dipolar g, mode has the index of —n, which is smaller
by one than the value in the present study. A pair of degener-
ate eigenmodes with the same eigenvalue has two successive
values of N. We naturally regard each of these eigenmodes
as a mixture of the two modes to which the two indexes are
allocated in the case of non-degenerate modes.

4. Discussion

We have developed a scheme to define the radial order N
of each eigenmode, which can be used to classify p modes, g
modes, and f modes. The scheme is directly based on ®, which
is defined by equation (71). The angle ® does not diverge for
finite and positive values of A. This is because the derivative
of 6° (for b = c, s) with respect to x is finite for 0 < x < 1
[cf. equation (A46)], and 6° behaves regularly near the bound-
aries [cf. equations (A68) and (A92)]. This fact implies that
the eigenvalue spectrum is discrete (for 4 > 0). In fact, we can
evaluate the number of eigenmodes in a given frequency inter-
val [4y, A2] for 0 < A; < A,. If we introduce

N = {M} 73)
and
N, = P(MJ , (74)
Ve

where [ X1 is the ceiling function of X that returns the minimum
integer not smaller than X, we should find all of the eigenmodes
of the index N that satisfies Ny < N < N, in the frequency in-
terval. We therefore understand the number of eigenmodes in
[11, A2] is given by

N(ﬂl,ﬂz)=N2—Nl+1:{®(:2)J—{¥%1. (75)

Equations (73)—(75) are particularly useful when we numeri-
cally compute all of the eigenmodes of a given stellar model
in a given range of the frequency and the spherical degree sys-
tematically.

Moreover, if we need to find a particular eigenmode (with
the index N) of a given equilibrium model or a given series
of equilibrium models, we may use the discriminant for the

eigenmode which is defined by
DyA)=0O—Nrm. (76)

The eigenfrequency of the eigenmode is identified as the root
of this discriminant.
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When we implement the thus constructed scheme in numer-
ical programs, we have to remember that it is not sufficient
to have the eigenvalue A and the profile of the corresponding
eigenfunction y in order to calculate the index N, because we
also need the profiles of y© and y* [cf. equations (34)—(37)] to
compute 46 and A¢.

We may compare the scheme of the mode classification
presented in section 3 with the Eckart-Scuflaire-Osaki (ESO)
scheme that is justified only with the Cowling approximation
(Eckart 1960; Scuflaire 1974; Osaki 1975). Although the ESO
scheme has troubles with dipolar modes of stellar models with
high central mass concentration (cf. Lee 1985; Guenther 1991;
Christensen-Dalsgaard & Mullan 1994), it usually provides
satisfactory results for / > 2. For dipolar modes, another par-
ticular scheme has been developed (Takata 2006a). Therefore,
there is so far little practical need for the alternative scheme at
least for / > 2. However, there still exists an advantage of the
new scheme. When we compute eigenmodes numerically, we
fully take the perturbation to the gravitational potential into ac-
count, whereas we totally ignore it when we classify the com-
puted modes based on the ESO scheme. Such clear conceptual
inconsistency is removed, if we adopt the mode classification
scheme developed in section 3. More importantly, we believe
that the analyses invoked to construct the new scheme help us
have a deeper insight into the mathematical structure of adia-
batic stellar oscillations, which would in turn serve to establish
a more profound physical picture of the problem and make a
better interpretation of observational data of stellar oscillations.

5. Conclusion

A scheme have been presented to classify the eigenmodes
of adiabatic oscillations of spherically symmetric stars. The
scheme provides the definition of the radial order of eigen-
modes, which can in turn be used to define p modes, g modes,
and f modes. The analysis is based on the framework devel-
oped in Woodhouse (1988), which is extended in two respects.
We firstly argue that degenerate modes do not affect the clas-
sification of the other modes because the number of modes is
conserved during continuous change in the equilibrium struc-
ture. The pair of degenerate modes should simply have two
successive values of the radial order N. In the other respect,
we have devised a scheme of the mode classification that is
specific to Hamiltonian systems with two degrees of freedom.

The author acknowledges the staff of the Kavli Institute
for Theoretical Physics of University of California, Santa
Barbara for their warm hospitality during the research program
“Asteroseismology in the Space Age”. This research was sup-
ported in part by the National Science Foundation under Grant
No. NSF PHY05-51164.

Appendix 1. The Proofs of the Algebraic Identities
A.l.1. The Proof of Equation (29)

Applying the Laplace expansion, we obtain

| y(l) y(2) y(3) y(4) |

== AP 3 Ay + 31 Ay (2 A pa)EY
— 01 AP 2 Ay = (1 Ay E (2 Ay) Y
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+ (1 Ay)EP (2 Ay

— 01 AP Ayt (A1)
in which we have used the notation,
(m,n)
(i ny) " =i Ay (™. ™) (A2)

If we replace y(’) and y(') by y(') and ygi)
(A1), we get
0=—01 Ay)"? 01 Ay + (1 Ays) P (31 A yz) >
=1 Ay g Ay)@P (A3)
(i) ()

,respectively, in equation

Similarly, if y” and y;” are replaced by y(’) and y(’)

in equation (Al) we have
0=—2 Ay 32 Ay + 2 Ay) P (12 Ayg) 3
— 02 Ay (G Ay (A4)

If we add equations (A1), (A3), and (A4), we obtain equation
(29) [cf. equation (18)].

A.l1.2. The Proof of Equation (31)

respectively,

We first note that the (i, j) element of J is given by

Jij=0i42,j =0 js2 (A5)

where ¢; ; is the Kronecker symbol, and that the symplectic
form can be expressed as

SN = @) ,() @ ()
b Z[ykyk+2 yk+2yk]

[cf. equations (18) and (23)]. The first term on the right-hand
side of equation (31) is then evaluated as

(Y(3,4)Jy(1,2)>‘ A
L]

(A6)

LS}

(1,2)
Z[(Yz Ay)EY )’k+2 /\y,)

k=1

(1,2)
— i Aye)? )()’k AY; ) ]

2,4) (3). (1 1,4).(3).(2 2,3). 4. (1
S( )y( )y() S( )y( )y()_S( )yg )yg)

+ S(l 3)y(4)y(2) (A7)

From equation (A7) and the fact that the second term on the
right-hand side of equation (31) is equal to the transpose of
the first term (because Y%/ and J are symmetric), we obtain
equation (31).

of Linear

Appendix 2. Hamiltonian Formulation

Adiabatic Stellar Oscillations

A.2.1. Hamiltonian System

We summarize the formulation of the problem of linear adi-
abatic oscillations of stars as a Hamiltonian system (Takata
2006b). The equilibrium structure that concerns the problem
is specified by the following four dimensionless quantities:

(A8)
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dinM, 4nrip
= = A
v dlnr M, (A9)
1 dinp gr
- =2 Al0
§ I'idlnr 2 (A1D)
and
1dl1 1
*:_dnp_dnp, (All)
I'dinr dinr

where M, is the concentric mass, M the total mass, r the radius,
p the density, I'; the first adiabatic index, p the pressure, g
the gravitational acceleration, and c¢ the sound speed. A set
of the canonical variables, which is convenient for the present
analysis, is introduced by

_V¥u
= + Al2
P o (y -y ys) (A12)
x0 D D,.D
pr= =[O+ @ DR 7] (A13)
Vs
a1 =—, (A14)
Cl
and
Vi
@=—)5, (A15)
i
in which yP (i =1, 2, 3, 4) are defined by
W=t (A16)
1 /’
ygz_(ﬂmy)—alf_h, (A7)
gr p r
@I
yy=—, (A18)
gr
and
1 do’
D
-1 Al
B= (A19)

respectively (Dziembowski 1971). Here the prime (") denotes
the Eulerian perturbation, @ is the gravitational potential, and
&y is (the radial part of) the horizontal component of the dis-
placement vector. The system of ordinary differential equations
that yP (i =1,2, 3, 4) satisfy is given by

dy®

=APyP A20
I y (A20)
in which
Ve=3 -V, V, 0
I Adcy-A" A"-U+1 —A* 0
D_ _ 1
AT= X 0 0 1-U || A2
UA* uv, A-UV, -U
Here we have defined
A=1(I+1). (A22)

The central boundary conditions collateral to equation (A20)
are

Aey? —1y) =0 (A23)

and



10 M. Takata

Y-y =0, (A24)
while those at the surface are

W=yy 35 =0 (A25)
and

I+ 1y +yP =0, (A26)

in which we have assumed that the density vanishes at the sur-
face. It can be shown that the system given by equation (A20)
is equivalent to a Hamiltonian system whose Hamiltonian is
provided by

1 A
2x{ [P+ U(q1 + ) - (e +H UG

Ve 5
~ Q@+ Dpage =20+ DUq1g2 = P

-3
+QU-7pig1 — 2Upzq1} .

Accordingly, the matrixes P, Q, and R [cf. equations (20)—(22)]
are provided by

(A27)

1(A
pol(T(E-v) o) (A28)
X 0 -1
A
Q:Q( de At g 1_1), (A29)
X /lcl -1-1 i
and
1{ L +U- A
= _| 4a Acy
R x( U —l—% ) (A30)
respectively.

A.2.2. The Expression of Matrix B

The matrix B, which is introduced by equation (43), is given
by

[ By Bs
B_( 8 B, ) (A31)
in which
0 —Ww3 %)
Bi=| ws 0 —w |, (A32)
Wy W 0
0 -Q
BZ _( O 0 ) B (A33)
and
B; = ( KD @ ) ) (A34)
Here w, Q, kU, and k® are defined by
R — Ry
w= -P12—-Qp2
-1 (P11 =P»n+Q; -Qxn)
/1— +U
1 “
= - U(-£+1+1) , (A35)
X aqUu A v 2 1
> "o taw Tt U_E

1
Q=—§(P11 +P2»+Qi + Q)

[Vol. 64,
_ 1 A 2U+1 +U (4 +4)+V +1 (A36)
T 2x| A¢ U ‘I ’
—Ri1 —Rx
k=] -3 (P11 =Py -Q +Qn)
Pi2—Qup
1 ———U+l+4
= ; 2/1L T~ AC]U"' -2U - 5 1> (A37)
U(—E+l+1)
and
, —1(P11+P»-Q;1 —Qxn)
K® = Ri1 —Rax
-Ri2 - Ry
' A(U-5 ) NeU-20+ 5% +1
- - A rU+1-3 . (A38)
-4-+U

respectively. We can confirm equation (46) from equations (45)
and (A31), because we have

B Bs; )

I, (A39)

KB = (
which demonstrates that KB is antisymmetric due to the anti-
symmetry of B and B,.

A.2.3. Differential Equations of the Amplitude and the
Phases

In this subsection, we use, for simplicity, the symbols A, u,
v, and 6 for those with the superscript b (b = ¢, s). Because
of equation (50), we may separate the amplitude A of u and v
from

u
it=— A40
= (A40)

and

.V _ [ cosd

v A\ sing |-
We provide the differential equations that A, &, and 0 satisfy. If
we differentiate A> = u - u and use equation (43), we get

(A41)

dA? d
“=u d—z = 2u-(Byu+Bsv)
=2A% - [cos Ok +sin0k?)] , (A42)
where we have used B;u = w X u. We thus obtain
dlnA
dn it [cos ok + sin6k?] . (A43)
X

If we substitute u = Aft and v = AV into equation (43) and utilize
equation (A43), we get

dil
du {w + @ X [cos 0k"D + sin Hk(z)]} i (A44)
x
and
d6 - @ _ angr®
I =Q+u'[c059k —sinfk ] . (A45)
Equation (A45) tells us
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Z_z <9I+ | k(1)| + | k(2>| , (A46) For the regular behavior of y? near the center [cf. equation

which means that the derivative of 6 with respect to x is finite
for 0 < x < 1 and any finite positive values of A.

A.24. Derivatives with Respect to A

Since the derivatives of P, Q, and R with respect to A are
calculated as

A 10
P,=—— , A47
! /lzxclU(O 0) (A4D)
AU (11 aUf1 0
N (e (A9
and
A 11
R =——— , A49
A /12)(36‘1(0 O) ( )
respectively, the derivative of JA is given by
[ Pa Ry
w=( 7 3
0 1 1
_ A 0 0 0 O
T 2lxq | 10O U U
1 0 U U
0 00O
C]U 0O 0 0 O
oo 10 (A30)
0 00O
We then obtain
1
I= f ¥ (=JADy dx
0
1
1 A 2 2
=f0 ;{m[pl'f'lj(‘h""h)] +ClU611}d)C
4 R
:Wfo (& +A&))pr* dr, (A51)

which is essentially equal to the mode inertia. It is possible to
show that 7 > 0 for any non-trivial solutions of the Hamiltonian
system or, equivalently, equation (A20). In fact, if we assume
I:Oforl>0,wehavey]13=Oandy2D=Of0rOSx£ 1. If we
substitute these conditions in equation (A20), the first equation
tells us that yl3) =0 for 0 < x < 1 since V, > 0 for x > 0. Then,
the third equation yields y? =0 for 0 < x < 1. We thus find
thatyD=0forOst 1if 7 =0 and [ > 0. When [ =0, the
assumption of 7 =0 yields yll) =0 for 0 <x<1. We obtain from
the first equation of equation (A20) that yzD = y3D forO<x<1.
The fourth equation of equation (A20) is accordingly reduced
to

P U,
4 = 2D AS52
dx x4 (A52)
which is integrated to generate
1
D
—. A53
Vg M, ( )

(A24)], we must have yf =0 for 0 < x < 1. The third equa-
tion of equation (A20) is therefore simplified to

dyy 1-U o
=2 = , AS54
dx x 3 (A5
whose solution is given by
D X
= AS55
Y30 (A55)

Then the surface boundary condition given by equation (A26)
requires that y? =0 for 0 < x < 1. We have thus shown that
yP=0if 7 =0and=0.

A.2.5. Expansions Near the Boundaries

A.2.5.1. Expansions Near the Center

In terms of yP (i=1,2,3,4), a pair of linearly indepen-
dent solution vectors that satisfy the central boundary condi-
tions [cf. equations (A23) and (A24)] are expanded near x =0
as

[

yPoe ) = =2 /lgf +O(xl) (A56)
0
and
0
Yo -2 (1) +O(xl) , (A57)
[

where c¢f is the central value of ¢; (cf. Dziembowski 1971). By
substituting equations (A56) and (A57) into equations (A12)—
(A15), we may construct the expansions of y>" and y>® near
x=0as

3(Ac8 -1
12 (Cél )
y== ~ +0(x0?) (AS8)
1
0
and
-3
S el Y s
== o |ro). (A59)
1
1

respectively. The expansions of the exterior products near x =0
are then provided by

(1 Apo) = — [0 - 1) = @1+ D Ac ] 2!

‘|
+0(x7) (A60)
(p] /\ql)c — _12x21+1 +O<x21+3) , (A61)
()
(Pl /\qz)c — szl“ +O(x2[+3) , (A62)

()
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121+ 1
21+ )x21+1

(P2 A G = —— +0(x*7), (A63)
(<5)
(pz /\qz)c — _izxﬂﬂ +O(x21+3) , (A64)
()
and
(111 /\C]2)C — LZXZHI +O(x2l+3) ) (A65)

(<)

Equations (A61) and (A64) tell us that S (yc'“), yC’(z)) goes to

zero on the order of x2*3 at the limit of x — 0. Since it is

constant for all x, we obtain
S(y . y*@)=0 for0<x<1. (A66)

We find from equations (A60)-(A65) that m® [cf. equation
(44)] is expanded near the center as

320+ 1) AcS —1(61-5)
20+1 —3/1C§ —2[([— 1)
¢ X
m=—" 61
2(cs)| 3L+ 1A - 1(61-7)

3¢ =20(1+2)
Since m® is a solution of the linear homogeneous system of
ordinary differential equations, we may multiply it by any non-
zero constant as the normalization factor. If we adopt a nega-
tive constant as the normalization factor, 6° [cf. equations (53)
and (54)] behaves near the center as

o =65+0(x)

+0(x**7) (A67)

(A68)
in which we have defined
6; = atan2 [3/lc§ —21(1+2),3Q1+1)Ac —1(6] - 7)] .(A69)

We can show that, for />0 and A > 0, the domain of 6° is given
by

atan2(~1, -3) < € < % : (A70)

so that 6‘8 changes continuously as a function of A, cﬁ ,and [.
The other two solutions of equation (A20) near the center

than those in equations (A56) and (A57) are given by

[+1

—AcS
D.c.(3) _ -3 1
Yy X 0

0

+0(x") (A71)

and

0

- 0
PO ;

-1-1

+0(x"). (A72)

Note that these do not satisfy the central boundary conditions.
The corresponding solution vectors of the canonical variables
then satisfy

yo O = O(x’l’l/z) fori=3,4. (A73)
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A.2.5.2. Expansions Near the Surface

In order to determine the expansions of y? (i=1,2,3,4) that
satisfy the surface boundary conditions, we assume the behav-
ior of the equilibrium quantities near the surface as

U=slug+0(s)], (A74)

V, = sl + O(so) , (A75)

A =s5"a_, +O(s0) , (A76)
and

c1=1+0(), (ATT)

in which we have introduced s = 1 — x, and 3, up, v_1, and a_,
are all constant. These constants satisfy g > 0, up > 0, and
v_1 > 0. Note that the relation

dinU
=3-U-V,—A", A78
dlnx § ( )
which comes from the mass conservation, yields the condition,
B=v_i1+a_. (A79)

According to a detailed analysis, equation (A20) is formally
satisfied by the expansions,

' [ o
: 1 s

wWsO= o+ o(s'*) (A80)
U O(s1+ﬁ)

and
0

wresl b o, (AS1)
-[-1

which are consistent with the surface boundary conditions
[cf. equations (A25) and (A26)] as s — 0. We correspondingly
obtain the expansions of y*( and y*® near x = 1 as

O(S1+ﬁ)
O<Sl+ﬁ)
O(s)
O<sl+/3)

y = (A82)

S —= OO

and
O( sl+ﬁ)
O(s)
O(s) ’
O(s)
respectively. The expansions of the exterior products are ac-
cordingly given by

y@ = (A83)

- o OO

(p1 Ap2)° =0(s) (A84)
(p1Aq1) =0(s"*), (A85)
(1 Ag) =0(s"), (A86)
(P2Aq) =0(s), (A87)
(P2 A2 =O(s"F), (A88)
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and
(@1 Aq)’ =1+0(), (A89)

from which we obtain the formal expansion of m® [cf. equation
(44)] as

-1 O(s)
| o O(s)
m=-=| 0 [+| O(s"") (A90)
2l
O(s)
0 O(s)

We find from equations (A85) and (A88) that S ( y ys’(z)) N
0 as x — 1, so that

Sy, y@)=0 for0<x<l. (A1)

If we multiply m* by a negative normalization factor, the ex-
pression of 6° [cf. equations (53) and (54)] that corresponds to
equation (A90) is provided by

& =0,+0(s) , (A92)
in which we require
6,=0. (A93)

The formal expansions of the other solutions of equation
(A20) than those given by equations (A80) and (A81) near the
surface are provided by

0 O(s)
: 0 O(s)
D.s,(3) _
y =l o + O(S) (A94)
1 0] (52)
and
v o Esl‘ﬁ
D.s.4) _ | —a-1 O(s'#
y =5 (A95)
0 19) (SZ)
0 0(s)
Note that equation (A95) should be replaced by
Vo o Esl‘ﬁ
— 1-B
Yoo = Bl T g P04 | O (A96)
0] (sz)
0 o)

in which U is a constant, if 8 is equal to a positive integer. If we
regard the vectors of the canonical variables that correspond to
equation (A94) and equation (A95) [or (A96) forf=1,2,...]
as y*® and y>@, respectively, we obtain

0 O(s“ﬁ)
. -1 O(s)
SG) _ + s A97
y 0 0(s) (A97)
0 O(s)
and
s, (4)
s@_ ) Yo forp=12,..., A98
Y { Yy @ otherwise (8> 0), (A98)

in which we have defined
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0 B
YW=y 5P (1) +A(Ins) y* D —ug V(_)l
0 0
O(s)
O(s)
+ O(Slfﬁ) > (A99)
O(sz)
and
0 B ggs;
S = 0 - ’
PO =y s O |- VOI + O(sl‘ﬁ) (A100)
0 0 O(sz)

An important property of y>® is that, by suitably choosing a
function & (s), we can show

B

PO FEP = Y

0

+0(s) . (A101)

Appendix 3. Derivatives of the Symplectic Form

We evaluate the derivatives of the symplectic form defined
by equation (23) with respect to a parameter «, on which the
coeflicient matrix A depends. We do not first specify the defini-
tion of @ to develop the general analysis. We will later consider
the cases of @ = A and @ = € (structure perturbation).

A.3.1. General Expressions

If the partial derivative of y with respect to @ is denoted by
yg), we can write

0 T
Sa(y", y?)= a(y“) Jy(z))

_ ygl)TJy(z) +y(1>TJyg> ) (A102)

In order to evaluate y,, we introduce the fundamental matrix
F of equation (1). It is a four by four regular matrix whose
columns consist of four linearly independent solution vectors
of equation (1). By definition, F satisfies

dF

— = AF.

dx
Since y can be expressed as a linear combination of the four
solution vectors that compose F, there exists a constant vector
a" for each of i = 1, 2 that satisfies

y () =F(x)a?.
Similarly, since F is a regular matrix, yff) can also be express-

ible in terms of a linear combination of the four solution vectors
as

¥ = F0b?(x)
where b generally depends on x. Partially differentiating
equation (1), we obtain

dy(i)

—< = Ay +AFBY
dx

(A103)

(A104)

(A105)

(A106)
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where we have used equation (A105), and A, is the partial
derivative of A with respect to @. On the other hand, if we
(partially) differentiate equation (A105) with respect to x, we
get
dyy) —e
& — AFPY + F— |
dx dx

(A107)

in which we have utilized equation (A103). From equations
(A106) and (A107), we are led to

db®

dx
from which we find
YO (@) =F(x) f F' () Ag (e y® (1) divy
X0
+ F(x)b(xg)) . (A109)

Here we take the initial positions of integration xg) as xél) =0

and xéz) = 1. Then, substitution of equation (A109) into equa-

tion (A102) yields

1
Sa (¥ y?) = f Y (~IA) P dr+ B, (A110)
0
in which
B=CVp (1)~ [c?sP )] . (A111)
We have used the property,
JA, =-AlJ, (A112)

which comes from equation (27), and the fact that the one by
four matrix,

CY =y IF ),

does not depend on x, because each column is a symplectic
form.

(A113)

A.3.2. Conditions for the Boundary Terms to Vanish

We discuss the conditions for each term on the right-hand
side of equation (A111) to vanish, when y» and y® are eigen-
function vectors that can be either linearly dependent on, or
linearly independent of each other. Since bV (x) and b (x)
can be singular at x = 0 and x = 1, respectively, we evaluate
them by their limiting values, so that we regard

Cc®p(0) = xgi_{r()1+ C®bY (xo) (A114)
and

cHp@ (1) = xgil?_c<1>b<2> (x0) (A115)
As for

CPbY (x0) = yP (1) JF () " (x0) (A116)

we may construct F (x) from the four linearly independent so-
lutions y©® (x) (i=1,2,3,4) as

F(x):( y @ je® e )

in which only y©( and y>® satisfy the central boundary con-
ditions. We then have

(A117)
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F b (x0) = ) 5" (1) y*? ()

i=1

(A118)

If y?(x) is an eigenfunction vector, it can be expressed as a
linear combination of y>( (x) and y>® (x), so that we find

Y2y @ (x)=0 fori=1,2 (A119)
[cf. equation (28)]. We therefore have
4
COpM (x9) = ij”(xo)csi, (A120)
i=3
in which we have introduced a constant,
€ =y Jy>? () (A121)
[cf. equation (23)]. We thus find C? b1 (0) = 0, if
lim b (x0)=0 fori=3,4. (A122)
x0—0+

By a completely parallel analysis, we understand that
CHOp@(1)=0,if

lim b (x0)=0 fori=3,4, (A123)
Xo—1-

provided that ¥y (x) is an eigenfunction vector, and that F (x)
is chosen as

Foo=(y® p@ yp0 p@ ),

where only y*(® and y>® satisfy the surface boundary con-
ditions. Equations (A122) and (A123) provide the sufficient
conditions for B = 0. If these conditions are satisfied, equation
(A110) is reduced to

(A124)

1
Sa(yV.y?) = f YT (A Y? dx, (A125)
0
which implies
Sa(y",y?) =S4 (¥, y") . (A126)

We confirm below that we actually have 8 = 0 for @ = A and
a=e.

A3.3. The Caseofa=2

By partially differentiating equations (A58) and (A59) with
respect to A, we obtain near the center

¥5 V() = 0(x*1?) (A127)
and

yi’@ (x) = O(xz+5/2) ’ (A128)
respectively, from which we find

W =0(x17), (A129)

c.(1)

1 . L
because y;) can be expressed as linear combinations of y;

¢ (2)

and y . Then, because of equation (A73), we find

b () =0(¥"") fori=3,4. (A130)

We thus understand that the condition in equation (A122) is
satisfied.



No. 4]

If we differentiate equations (A82) and (A83) with respect
to A, we find near the surface

y;P0=0() fori=1,2, (A131)
so that we obtain

¥ =00) . (A132)
Therefore, from equations (A97) and (A101) we get

bP (x)=0(s) fori=3,4, (A133)

which ensure that the conditions in equation (A123) are satis-
fied.

A.34. The Case of the perturbation to the equilibrium struc-
ture

Here we consider the situation in which the equilibrium
structure is perturbed. The perturbation is specified by those
to the profiles of ¢, U, and V,. We introduce a parameter €
to describe these perturbations, so that these quantities are per-
turbed as

c1 > +edc (A134)
and
Vo=V, +edV,. (A135)

Note that the perturbation to U is not independent of that to ¢;
because of the relation

dlIlCl
dlnx ’

which comes from the mass conservation. Differentiation of
equations (A58) and (A59) with respect to € yields

U=3-

(A136)

3/
e 2 A% g 3 +O(x7) (A137)
€ . 2 -
(CJ 0
and
3
A 20+1
2,(2) _ : 12 K12 0 O(x1+5/2) , (A138)
(<) -1
respectively. We therefore find
W =0(17). (A139)

Then, by the same argument after equation (A129), we under-
stand that

lim bV (x)=0 fori=3,4. (A140)
Xo—0+

As for the expansion near the surface, we obtain from equa-
tions (A82) and (A83)

yO=0() fori=1,2, (A141)
hence
¥ =00() . (A142)

Again, the same argument after equation (A132) can be applied
to confirm that
lim b (x)=0 fori=3,4.

xo—1-

(A143)
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A

A B

Model sequence

Fig. 3. Typical evolution of the eigenvalue spectrum for a model se-
quence without degeneracy. The points with open dots correspond to
eigenmodes. The eigenmodes of the models A and B are expressed
by A; and B; (i = 1-4), respectively. We observe that the eigenmodes
undergo avoided crossing.

Appendix 4. Properties of the Degeneracy

We explain in this section that the possibility of degenerate
eigenmodes is very important for the mode classification. We
do not ask whether the degenerate case can actually be found
in the problem of adiabatic stellar oscillations or not. Instead,
we discuss what kind of influence the degeneracy can have on
the mode classification if it exists.

Ad4.1. Standard evolution of the eigenvalue spectrum in the
absence of degeneracy

For comparison with the case of degenerate eigenmodes, we
first depict typical evolution of the eigenvalue spectrum of stel-
lar oscillations for a model sequence without degeneracy in fig-
ure 3. Since there is no degeneracy, any two eigenvalues of a
given model are never exactly equal to each other. We actually
observe that they once come close to each other, but go apart
eventually. Curiously, the structure of the eigenfunctions of
the two modes is exchanged during the close encounter. This
is called the avoided crossing phenomenon (cf. Osaki 1975).
As for the mode classification, we have in principle no trou-
ble in following each eigenmode. It is clear that the mode A;
(i = 1-4) of model A evolves into the mode B; of model B in
figure 3, though the structure of the eigenfunctions of the mode
A; (i = 2-4) is closer to that of the mode B;_; than that of the
mode B;.

AA4.2. Possible Influences of the Degenerate Case on the
Mode Classification

We next illustrate how the degenerate eigenmodes can affect
the mode classification by considering the continuous varia-
tion in the equilibrium structure near the degenerate case. As
we have shown in subsection 3.3, the degenerate case is char-
acterized by D = 0 and D, = 0. Moreover, we find D, > 0 in
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Fig. 4. Schematic profiles of the discriminant D (1) as a function of A
near the degenerate case. The solid curve (2) is the profile observed in
the equilibrium structure that has the degenerate eigenvalue 14, while
the dashed curves (1) and (3) indicate the possible profiles into which
the curve (2) is changed by the infinitesimal variation in the equilib-
rium structure. The filled dot corresponds to the degenerate eigenvalue
Aq, while the open dots depict the positions of the two non-degenerate
eigenvalues A; and A;.

this case [cf. equation (64)]. This geometrically means that, if
we plot D as a function of A, the profile of D is tangent from
above to the abscissa axis at the value that corresponds to the
degenerate eigenvalue A, as we schematically draw in figure 4
[the case of the curve (2)]. If we modify the equilibrium struc-
ture infinitesimally, there are the following three possibilities
for the local variations in the profile around A = A,: (1) the pro-
file is detached from the abscissa axis; (2) the profile remains
to be tangent to the axis; (3) the profile has two crossing points
A; and A, with the axis (cf. figure 4). Accordingly, unless the
profile stays in the case (2), we may categorize the possible
behavior of the profile before and after the degenerate case is
found as follows:

pair creation: case (1) — case (2) — case (3)
pair annihilation: case (3) — case (2) — case (1)
isolation: case (1) — case (2) — case (1)
crossing: case (3) — case (2) — case (3)

If all of these cases are realized, we can observe very peculiar
evolution of the eigenmode spectrum along with continuous
variation in the equilibrium structure. An example is given in
figure 5, in which the cases of the pair creation, the pair an-
nihilation, the isolation, and the crossing are denoted by the
points d., d,, d;, and d,, respectively. This figure demonstrates
how the degenerate cases could complicate the mode classifi-
cation. If we compare the two models A and B, the eigenmodes
with the smallest A, A; and By, correspond to each other. The
same is true for the modes with the largest 4, A¢ and Bg though
their orders are different from each other because of the influ-
ences of the degenerate cases. However, the model B does not
have eigenmodes that correspond to A, and Az of the model
A, because these modes annihilate in pair at d,. It is there-
fore impossible to allocate continuous integral indexes to the
eigenmodes of each of the models A and B in such a way that
the eigenmodes with the same index correspond to each other.
Similarly, the eigenmodes B4 and B7 do not have their counter-
parts in the model A, because they are created in pair at d... The
modes Bs and Bg of model B, which correspond to the case of
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Al

Model sequence

Fig. 5. A schematic example of peculiar evolution of the eigenvalue
spectrum for a model sequence. The points with filled dots indicate the
degenerate cases, whose categories are indicated by d., d,, d;, and dy
(see the main text), while the open dots correspond to the non-degen-
erate eigenmodes. The vertical dashed lines represent the two specific
models A and B in the sequence. The eigenmodes of the models A and
B are expressed by A; (i = 1-6) and B; (j = 1-8), respectively.

the isolation at d;, are totally isolated so that they are not con-
nected to any modes of the other models in the sequence. On
the other hand, it is still possible to regard that the modes A4
and As of model A turn into the modes B, and B3, respectively,
of model B, even though they intersect with each other at d,.
Note that, the reason why the orders of these modes are differ-
ent in the models A and B is attributed to the influence of the
annihilation at d,, We understand from these observations that
it is the cases of the pair creation, the pair annihilation, and the
isolation that cause serious complications to the mode classifi-
cation, while the effect of the crossing is not essential, because
the number of modes is conserved. In other words, the scheme
of the mode classification must be complicated significantly
only if the transition between the cases (1) and (2) in figure 4 is
realized by an infinitesimal change in the equilibrium structure.

A4.3. Conservation of the Number of Eigenmodes

We may regard an infinitesimal change in the equilibrium
structure as a perturbation. The question is then how the degen-
erate eigenmodes are affected by the perturbation. For the rig-
orous mathematical treatment, we need to invoke rather elabo-
rate argument, which we only outline below. The equations of
linear adiabatic oscillations of stars are formally reduced to a
single vector equation,

L& =41, (Al144)

where £ is an integro-differential operator, and & is the dis-
placement vector. The operator £ is composed of two parts,
L=Lo+ L, where L is the operator for the unperturbed struc-
ture, and £ represents the change in the equilibrium structure.
The crucial point of the analysis is that both of the unperturbed
operator L and the perturbed operator £ can be extended to
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self-adjoint operators, as long as the squared Brunt—Viisila
frequency is bounded below (Dyson & Schutz 1979). As a
result, we can apply the general framework of the analytic per-
turbation theory of the eigenvalue problem of self-adjoint oper-
ators, which has originally been developed to provide the math-
ematical foundation for the perturbative techniques in quantum
mechanics (Kato 1976). According to the general theory, the
perturbed problem of a discrete eigenvalue Ay with finite multi-
plicity m always has the eigenvalue(s) near Ay. While the num-
ber of the perturbed eigenvalues found is between one and m,
the sum of multiplicity of all of the eigenvalues is equal to m.
This particularly means that the doubly degenerate eigenmodes
are split into two non-degenerate eigenmodes, or remain to be
degenerate as a result of the perturbation. Therefore, the tran-
sition between the cases (1) and (2) in figure 4 never happens
whatever perturbation is applied to the equilibrium structure.

A44. Expression of the Perturbation to the Degenerate
Eigenvalue

As a demonstration, we can construct the formula of the per-
turbation to the degenerate eigenvalue. The analysis is totally
in parallel with the degenerate perturbation theory in quantum
mechanics (e.g. Landau & Lifshitz 1977). Let us express the
unperturbed eigenvalue and the two corresponding eigenfunc-
tion vectors by Ay and y(’) (i =1, 2), respectively. The unper-
turbed problem is then given by

dyy

dx
where the subscript O is also put to the coefficient matrix A to

stress that it is for the unperturbed structure. We may express
the perturbed problem as

= Ao (x, 1)y, (A145)

ay _ AT(x, Dy, (A146)
dx

in which the coefficient matrix A’ is constructed from the per-
turbed structure, which is described by the perturbations to the
structure variables, as we discuss in appendix 3.4. Accordingly,
AT (x, ) can be expanded as

AT(x, 1) = Ao (x, 1) + €Ay (x, ) + O(€) , (A147)

where € is assumed to be small (in amplitude). Note that
JA| is symmetric, because both of JA; and JAT are symmet-
ric [cf. equation (27)]. We similarly expand the solutions of
the perturbed problem as

2
y=) i) + ey +0(€) (A148)
i=1

and

A= +el +0(€). (A149)

Note that the constant coeflicients @; cannot be determined in
advance because we do not know which linear combination of

(1) and y(z) is reached in the unperturbed limit, € — 0. Since
the coefﬁment matrix on the right-hand side of equation (A146)
is expanded as

A" (x, ) = Ag (x, Ao) + €[A; (x, Ag) + A1 A0, 1 (x, A0)]

Mode Classification of Adiabatic Oscillations of Stars 17

+ 0(62) ,

equation (A146) yields the equation of the first order quantities
as

(A150)

d
% = Ao (x, )y
X
2 -
£ @A Ao+ DA (x )]y . (A1)
i=1
Because of equation (61), we can arrange yf)') and yf]z) so that
they satisfy
f 0" (_JAg.2) v dx=6; (A152)
Then, if we left-multiply equation (A151) by y(J) J, and in-

tegrate the result from x =0 to x = 1, we obtaln the matrix

equation,
AJALL)  (1A2) a \_ aj
(<2|A1|1> 2lA 12) )( a/z)_ /11(0/2)’ (A153)
where we have defined
GIA 1)) = f DT [—JA; (x, 20)]yY dox . (A154)
We have also utilized
AT
T d 1 ldy(J)
L @)l ( J) yl d _|:y(/) ( J)yl]{)"'ﬁ Ox Jy] d)C
= f DT AT gy, dx = f DT (CIAg)yy dx (A155)

where the surface terms vanish because of equations (28),
(A140), and (A143), and dy(/) /dx is evaluated by equation
(A145). Because (jlA i) = (z|A1 |j) due to the symmetry of
JA[, 4, satisfies the secular equation,

AT+ CLAD + A 12) A

+ (A1) (2IA 12) = (1]A[2)* =0 (A156)

Note that the discriminant D of this quadratic equation is non-
negative because

D= (1A 1) = (2|A12))* +4(1]A[2)* 0. (A157)
Therefore we always have the real solution(s)
| 2
A = E(_;U'A‘ li) + \/5] . (A158)

Depending on © > 0 or © =0, we have two distinct solutions
or a double solution, respectively. We should stress that, if
we regard the double solution as the degenerate two solutions,
we always find two real values of A4, for any perturbation A,
to the equilibrium structure. We can show that the perturbed
eigenmodes stay degenerate (D =0 and D, = 0) up to the first
order when © =0.
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Appendix 5. Calibration of the Mode Index by the Case
of Radial Oscillations

The purpose of this section is to show that equation (71) pro-
vides ® = 7, hence the mode index N of 1, for the radial funda-
mental mode. When [ = 0, we can show that the solutions that
satisfy the central boundary conditions follow

Uyp +y7 =0, (A159)

which is obtained by integrating the linearized Poisson equa-
tion of the gravitational potential (e.g. Takata 2006b). Since
equation (A159) means

p2+q2=0 (A160)
[cf. equations (A13) and (A15)], we obtain from equation (42)
1
v =511+ a0 A p2)f (A161)
and
1
vy = 3 [((p1 =g A p2]° . (A162)
Therefore equation (41) tells us
1 c
i = 5 [pr =) Apal =05 (A163)
1 c
y = =5 [(pr+gqAp] =i, (A164)
and
u5;=0 (A165)

[cf. equation (28)]. Based on equations (A163)-(A165), we
can derive from equation (43) the system of differential equa-
tions for the vector

wcz( Ve =% )= \/EAC[ cos (6 +Z) )

Vi +V; sin (9° + f{)
(g1 A p2)°
- A166
( (p1 A p2)* (A166)
as
D U= gy (A167)
o T\ vae+a a-u Y

The expansion of w° near the center is obtained from equation
(A67) as

w°:x( (]) )+0(x3) ,

whereas the condition of D — 0 as x; — 1— is written as

(A169)

(A168)

w5 (x) =0 as x — 11—

[cf. equations (49) and (A90)]. The system of equations for w*
given by (A167) and the associated boundary conditions pro-
vided by equations (A168) and (A169) are actually the same as
those for vx(q; p1)”. The problem for w® is therefore math-
ematically equivalent to that of radial oscillations of stars in
the standard formulation, to which the Strum—Liouville anal-
ysis can be applied. Based on the analogy, we understand
that, for the radial fundamental mode, which has no node in
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the eigenfunctions except at the boundaries, the polar angle of
the point (wﬁ, wg) changes from 7/2 at the center to & at the

surface. Since we may regard that the polar angle of (WT, wg)

is larger by 7/4 than that of (vf, vg) [cf. equation (A166)], we
find 8° — 37/4 as xy — 1—. Then, because of equation (A93),
we obtain

as xf — 1—. (A170)

3
A6 - —
%

Similarly, because of equations (A163) and (A164), we may
consider the polar angle of the point (ui, ug) is smaller by 7/2

than that of (v?, vg) We therefore obtain from equation (A90)

3
Ad° — Zﬂ as x; — 1—. (A171)
Substituting equations (A170) and (A171) into equation (71),
we certainly find ® = r for the radial fundamental mode.
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