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Without relying on any “model” of the in-plane behavior of the electrons in either the normal or
the superconducting state, | show that for identically doped members of the same homologous series,
as a result of the interplane Coulomb interaction, the diﬁerMLé?) of the transition temperature for
the nth member from the single-layer value is given Af'™ = constx (1 — 1/n). On taking the
constant from experiment, | predict large changes in the electron-energy-loss spectroscopy and optical
properties in the midinfrared regime on entering the superconducting state, and further infer that the
basic mechanism of superconductivity in the cuprates has a large contribution from the segithe.

PACS numbers: 74.25.Gz, 74.62.—c, 74.72.—h

One of the most intriguing aspects of superconductivityone, and in general — 1 acoustic modes. If we focus on
in the cuprates is the apparently systematic dependence whvelengths of the order of the inverse interplane spacing
the transition temperatu®. on thec-axis structure and, in and longer, all oscillations are strongly overscreened, so
particular, on the number of closely spaced Cu{planes. the Coulomb energy associated with a given mode is,
If we consider the homologous series at a given constambughly speaking, inversely proportional to the strength of
level of doping, then the situation may be summarized ascreening; this quantity in turn is the product of the “bare”
follows: In cases such as the Bi, Hg, and various Tl seriesjensity response (essentially ti&&® introduced below),
when the intra-multi-layer spacer is CB, rises withn at  which within our ansatz is a one-plane quantity and thus
least as far ag = 3 and sometimes up to = 5, thereafter independent of, and an effective coupling constant the
decreasing slowly. On the other hand, when the intraf;(¢) below] which forg — 0 is smaller for the acoustic
multi-layer spacer is other than Ca, and, in particular, whemodes than for the optical ones, so that in this limit
it is Sr or Ba, the limited evidence available is compatiblethe former dominates the energetics. Now, the effect of
with the hypothesis thak, is actually reduced below the Cooper pairing is to modify (in general to increase) the bare
single-plane value and may even be suppressed to zero. rAsponse, which increases the efficiency of screening and
possible reason for this striking difference is proposed irthusdecreases the Coulomb energy, thereby providing the
Ref. [1]. energy saving which drives the superconducting transition.

In this Letter | restrict myself to the Ca-spaced mate-It turns out (not obviously) that the saving of Coulomb
rials and show that if one assumes no intra-multi-layerenergy in ann-layer structure, which has to be shared
tunneling on the relevant time scale [1] it is possible, onbetween the: planes, is simply proportional to the number
the basis of very general considerations, to make a strikef acoustic modes; thus the saving per layer is proportional
ing quantitative prediction about the dependence Bf to1 — 1/n. To the extent that the fractional changefin
on n, and further, on the basis of the comparison of thiswith n is small, it should be proportional to the saving, and
prediction with experiment, to make a semiquantitativethus we obtain Eq. (5) below. A more detailed physical
prediction concerning the optical and electron-energy-losdiscussion is given in Ref. [2].
spectroscopy (EELS) properties of these materials in the In the following | denoted by, d;,, and d, respec-
superconducting state. It should be stressed that thesiely, the intra-multi-layer spacing~3.5 A), the inter-
predictionsare completely independent of any “ model” multi-layer (center-to-center) distance (typically 6—15 A),
either of the normal state of the electrons in the individualand the average interlayer spacing. Further, | introduce a
CuGO, planes or of the fundamental mechanism of superguantitygo which is an order-of-magnitude measure of the
conductivity in the cuprates; nevertheless, to the extertypical scale of the midinfrared (MIR, cf. below) normal-
that they are confirmed, they permit an important conclustate in-plane behavior. Depending on what we believe to
sion concerning the latter. Ideally this Letter should bebe an appropriate model for this behavior, it might be rea-
read in conjunction with Ref. [1]. sonable to take as, e.g., the primitive reciprocal lattice

The basic physical idea is that the total Coulomb energyector, the Fermi wave vector (if it exists), or something
in an n-layer structure may be thought of as locked upelse, but the important point for our purposes is that unless
in different modes of charge oscillation which, while the normal state is very anomaloys,is unlikely [3] to be
far too broad in spectrum to qualify as “plasmons,” canless than about A~'. Thus the quantitydiy is always
nevertheless be classified by their symmetry; e.g.ufer ~ much larger than 1, and the quantifyd is at least 3—4, a
2 one has one “optical” (in-phase) mode and one “acoustichumber | shall treat for present purposes as “large.”
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The analysis of this Letter rests on three fundamental
assumptions:

(A1) The explanation of high-temperature superconduc-
tivity in the cuprates is to be sought in the interactions of
the electrons in the CuO, planes with one another and
with the static lattice.

(A2) Once the number of carriers per CuO, plane (and
the structure of the plane) is specified, the bare [4] normal-
state in-plane properties (or at least those relevant to
superconductivity) are universal.

(A3) The c-axis transport of charge both between and
(in Ca-spaced materials) within multilayers is too slow to
be relevant to superconductivity.

Assumption (A2) isin principle testable by experiment,
and despite uncertainties connected with the contribution
of the off-plane “background,” it is probably fair to say
it is at least consistent with existing data. For (A3),
cf. Ref. [1].

I shall now, for brevity of presentation only, make four
additional assumptions; for reasons of space | shall simply
state here that relaxing these does not change the outcome
qualitatively, and that in most cases even the quantitative
change resulting is small [2].

(A4) The quantity (god;n) ™" is sufficiently small that it
may safely be set equal to zero.

(A5) Both (i) the effect of interplane Coulomb interac-
tionsrelative to intraplane ones and (ii) the relative change
of (the important elements of ) in-plane response functions
between the normal and superconducting states are suffi-
ciently small that we may work to lowest nonvanishing
order in each.

(A6) The bare normal-state in-plane density response
function [4] xo(r,r’,w) may for the purposes below
(only) be taken to be a function only of the difference
r — r/, so that its Fourier transform yo(q, ) may be
labeled by a single variable q (rather than being a matrix
with respect to the reciprocal lattice).

(A7) The effective Coulomb interaction between
electrons, whether in the same or different CuO, planes,
may be approximated by the expression V.(r) =
e?/(4mepex|r]), where e. is an appropriate “high-
frequency” dielectric constant which takes into account
phenomenologically the screening effect of al the core
electrons, whether inside, between, or outside the planes.

Using (Al), (A3), and (A4), we see that different
multilayers are effectively noninteracting, and moreover
that the quantity yo is diagona in the layer index i;
thus the effective Hamiltonian for a single multilayer
reads H = T, + U + V., where T}, U, and V, denote,
respectively, the in-plane kinetic energy, the potential
energy of the conduction electrons in the field of the
in-plane atomic cores, and the interconduction electron
Coulomb interaction as screened by the cores [both in and
off plane, cf. (A7)]. The observation which is crucial to
the argument below is that 7)) and U are simple sums of
“single-plane” terms, which by (A2) are universal (and,

in particular, independent of the layer multiplicity n),
and hence so is yo, whereas V. contains both intraplane
and interplane terms. In fact, the Fourier transform with
respect to the ab-plane component r — r’ of V.(Ir —
r'|) (rei,r’ej) between electrons in planes i and j may
be expressed in the form of a matrix,
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Vii(q) = exp—qd|i — jl, (1)

2g0€xq
where q is a 2D vector in the ab plane (¢ = [q]). We
see immediately that, given the inequality god > 1, al
effects of the layer multiplicity come entirely from the
region of “smal” g(g <K qo).

| now come to the crux of the argument. | consider a
specific homologous series and assume that the conditions
of comparison are such that the number of carriers per
plane is the same in the different members of the series:
cal this assumption (A8). Given assumptions [A5(i)],
(A6), and (A8), the expectation value (V.), of the
Coulomb interaction for a given multilayer at T = 0 may
be written quite generally in the form

_ N Cdo
X Im[1 + qfi(@QK(q, »)/e=]"", (2

where fi(g) (i = 1,2,...,n) is the ith eigenvalue of the
matrix M;;(q) = exp—qd|i — jl|, and K(q, ») is related
to the bare density correlation function [4] xo(q, @) by
the formula K (q, ) = (¢?/2g0g%) xo(q, w). The single-
plane caseis, of course, aspecia case of (2) with f(g) =
1. From its definition and assumption (A2), K(q, w) isa
universal quantity; however, the smplest way of obtaining
it experimentally is via a nonuniversal quantity, the
measured bulk ab-plane longitudinal dielectric constant
e||(q, w), to which it is related by the formula K(q, w) =
1d[e)(q, ) — &,] where ¢, is the contribution to the
measured dielectric constant of everything except the
conduction electrons in the CuO, planes (note that ¢
need not necessarily be equal to e.). Alternatively,
K(q, w) may be obtained more directly from EELS
experiments; for a single-plane material transmission
EELS with ¢, = 0 and gd;,c > 1 (and the Rutherford
factor ¢+ extracted as is conventional) simply measures
q times the integrand of (2), while for a multilayer
compound one should also be able to extract K, athough
the relation is more complicated [5]. As emphasized
in Ref. [1], both optical and EELS evidence shows that
for small ¢ the quantity —ImK ! is large only in the
midinfrared region (roughly 0.1-1.5 eV) and above; at
low energiesit is very small.

| next consider the change &(V.)® in V, for a
multilayer system when the system passes (notionaly)
from the normal to the superconducting state at 7 = 0.
Expressing it in terms of an energy per unit area per plane
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and subtracting the value for the single-plane system, and  5K(q, w)/Ko(q, ) where Kj is the normal-state value,

defining for convenience a (complex) quantity 7(q, w) = | we obtain using (A5) the expression

1 do [~ * X fi(@)n(qw)Ko(qw)
SV — s(v )V = f—f d f 2dgIimin~! — [fi(g) — 1].
RO C sl = ML MU L (P [ rpearrmrreosyessof | IACing

3)

Equation (3) is exact within assumptions (A1-A8). Note | assumptions (A2) and [A5(ii)], the increase of T, in the

that because of assumption (A5), not only Ko(q, w), but  n-layer system relative to the single-plane one should be

aso 7(q, w) isuniversal; thus the effects of the interlayer ~ simply proportional to minusthe (negative, cf. below) left-

interactions enter only through the eigenvalues f;(q). hand side of Eq. (4). Consequently we obtain, for the
To proceed further, we need to know something relevant class of the homologous series, the strikingly

about the magnitude and ¢ dependence of the functions ~ simple prediction (AT = 7 — 7)),

Ko(q, w) and, to a lesser extent, n(q, w). While un- .

certainties about the quantity e,, etc., and the lack of AT = const X (1 = 1/n). ®)

absolute calibration of existing EELS measurements [6] In attempting to compare the prediction (5) with

in the relevant (midinfrared) region make it difficult to existing experimental data, the main problem is to identify
infer the exact form of K, rigorously, all the evidence  tnose cases, if any, in which assumption (A8) is satisfied.
seems compatible with the hypothesis (which is rather  gince aplausible, if not certain, indicator of the number of
plausible on a priori grounds) that this function has  .gyiers per plane is R = A,;2d (A, = in-plane London
little ¢ dependence [2] for gd = 1, and moreover (and  pengtration depth), one would ideally like to compare
this is crucia) that for aimost if not all relevant @ We  embers of the same homologous series at equal values
have |Ko(q, w)| > d. Further, while without a detailed ¢ R; however, the available measurements of A, are
theory of the pairing process we evidently have no a jngifficient for a systematic comparison. Since there
priori knowledge of the specific form of 7(q, ), strong s o space to discuss this question further, | shall
general arguments [2] suggest that, as in the Smple BCS g on the side of extreme conservatism and make the
case, it should be constant as a function of ¢ in the limit comparison only for the n = 1,2,3 members of the Hg
g — 0, and | shall assume that this behavior persists Up  ang 7| (2,2, — 1,n) series, at optimal doping, cases in
t0 gd ~ 1. Given the above information, we see that the  \yhjch | believe the existing data are, at least, compatible
dominant contribution to the integral over q in (3) will  \ith the hypothesis of constant R. Then the prediction
come from the region |Ky(q, w)|"! < ¢ < d~'. Since of (5) is that (T® — TOYV/(T® — TW) = % for both
in the approximation of tetragonal symmetry Ko and 7 geries The experimental ratios are 0.25—-0.28 for the Hg
must be isotropic in the plane in the limit g — 0, WeMa&y  ries and 0.25-0.34 for TI. Given the approximations
write them simply as functions of w in this region and [see especialy (A5)] used in obtaining the theoretical

thus obtain from (3) the simpler expression, prediction, this would seem to indicate that the idea of
SV — sy 3 — F= °°d | n(w) attributing the systematics of 7. in the Ca-spaced cuprates
(Ve) Ve = 472 Jo @im Ko(w) wholly or mainly to the interlayer Coulomb coupling is,

% n at least, not obviously unviable.
xf dq[n_IZfi_l(q) — 1}, If the observed rise in 7, with n is indeed due
0 i=1 to interlayer Coulomb interactions, then Eq. (4) permits

(4)  a further quantitative prediction: Assuming that the

Now, the quantity in bracketsin (4) turnsout to begiven, ~ differential loss in Coulomb energy between the N
for al n, by the expression [7] 2(1 — 1/n)[exp(2qd) — ad S states is not actually less than the differential
117!, and the logarithmic divergence of the integral at  increase per unit area per plane in condensation energy,
small ¢ [which must, of course, be cut off by returning AEEZZId (certainly true in BCS theory, and more generally
to the exact form (3)] should introduce, at least for small  overwhelmingly plausible) we find [8], putting n = 2 in

n, a best a weak n-dependence. Moreover, in view of | Eqg. (4),

) 1
s [ A _ 872dd(AEgng — AEqng -
MIR 8||(a)) — & hiewIN(K/2d ) ’

where both sides of the equation refer to the bilayer com- | average of K(w) over the MIR region. For TI-2212 we
pound, & indicates the change in going from the nor-  find, taking the logarithm to be of the order of 2 and
mal to the superconducting state, and K is an appropriate €. ~ 4, a value of the right-hand side of (6) of the
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order of 3 meV/A. While optical experiments measure
Ime ! rather than the left-hand side of (6), and that some-
what indirectly, it should in principle be possible to ver-
ify this inequality directly in EELS experiments [2]; note
that the fractional change predicted is at least 2 orders of
magnitude greater than the naive estimate (~k7T./hw)?
based on simple BCS theory. The inequality (6) rests
on the approximation of replacing (3) by (4): A more
rigorous inequality can obviously be obtained directly
from (3).

Finally, 1 note that the considerations of this Letter,
if correct, have important implications for the basic
mechanism of high-temperature superconductivity. Let
us consider an optimaly doped single-plane cuprate
such as TI-2201 and ask: Suppose that we could
somehow exclude all contributions to the saving &(V, )
of the Coulomb energy [the “1” term in Eg. (6)] from
small ¢, say g = d ', where d is the TI-2212 value.
How much would T. decrease? From Eg. (4) and
assumption (A5) we see that the answer is approximately
[2/In(K /2de-)]JAT?; while we have no good a priori
estimate of K, the logarithm is unlikely to be much greater
than 2 (and may indeed be less), and AT for the TI-22,
n — 1, n series is about 25 K, so the answer is around
25K, i.e., about 25% of the origina value. Thus even
values of ¢ <= d~! make a substantial contribution to the
in-plane mechanism, and indeed the above analysis is
quite compatible with the origina hypothesis of Ref. [1],
namely, that the bulk of the mechanism is associated with
values of ¢ small compared to ¢y, and with values of w
in the MIR region [9].
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