Homework #1

1. Can two vectors having different magnitudes be combined to give a zero vector sum? How
about three vectors?

Solution:

nd b. @+ b = 0 if and only if @ = —b, which implies |@| = |b].
0.

Counsider two vectors

aa
So if |a@| # |b], then @+ b

2. A person walks in the following pattern: 3.1km north, then 2.4km west, and finally
5.2km south.
(a) Construct the vector diagram that represents this motion.

Solution:

Labeling: a = 3.1km, b = 2.4km, ¢ = 5.2km. r = /(¢ — a)? + b?.

(b) How far and in what direction would a bird fly in a straight line to arrive at the same
final point?

Solution:

In polar coordinates (r, #), the straight line vector from start to finish is 7= r(z cos(¢+ )+
g sin(p + 7)) = —r(& cosp + ¥ sing). Since cosp = b/r, we have sinp = /1 — (cosp)? =
/1 —0%/r?. Therefore

F=—bi —Vr2—1%7y.

1



w
>~
=~

1.1: Let a =22 -3y + 72 andb—5x+y+2z Compute:
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Solution:

(a) T+b=(2+45)%+ (=34 1)§+ (T+2)2 = T& — 2§ + 9.
(b)yd—b=(2=5)i+ (=3 —1)§+ (7 —2)2 = —3& — 45 + 52.
(c) a h=2- 54+(=3)-1+7-2=10—-3+14=21.

Note that we have used the orthogonality conditions z -9 = 1 -
ization conditions 2 -z =g9-y=2-2=1.

(d) For a x b, use the “right-hand rule”. That is, & X § ,
that for any two vectors @ and ﬁ, we have @ x ﬁ = —B X a an
any vector @. Now just compute:

= 2.2 = 0 and the normal-

N>

zZ=2, z2xx=1y. Also note

o, X

consequently @ x a = 0 for

@xb=(2&—3)+72) x (5& + § + 22)

(042 X 428 x 2) =355 X &+ 042§ x 2) +T(52 X & 4 2 x § 4 0)
(2 —20) — 3(=52 4 2&) + 7(5¢ — &)
—3-2-T)i+(-2-247-5))+(2+3-5)2
— 133 + 319 + 172 .

Alternatively, you can use the antisymmetric tensor to compute the components (@ x b )i =

_ 3 3 )
Eijiiby = Y051 D k=1 Eijkasbi:

(@ % b)1 = asby — azb, = (—3)(2) — (7)(1) = —13
(@ % b)y = ash, — arbs = (7)(5) — (2)(2) = 31
(@ % b)3 = arby — asby = (2)(1) — (=3)(5) = 17

s0dxb=—13%+ 31y + 172. From working this out, you can see that that the “right-hand
rule” above is equivalent to the conventions 193 = €931 = €312 = +1, €391 = €913 = €132 = —1,
and €;;, = 0 for any two indices ijk equal.

4. KK 1.2: Let a = 3+ 7 + k and b :ﬁ—2§ — 3] — k. Compute the angle between a
and b and the magnitudes a = |d| and b = |b|.

Solution:

- =

First the magnitudes: a*> = d-d = 3 +1+1=11lsoa=+11,and b* =b-b = (=2)*> +
(=32 +(-1)*=4+9+1=14, = +v/14. Now we need @-b = 3(—2) + 1(—=3) + 1(—1



—6 — 3 — 1= —10, so the angle v between a and b is defined by

b —10 . —10
_ v —cos [ ) ~ 251 A 14T
ab  I1/14 7 <\/11 \/14>

ISI

cosy =

5. The minute hand of a wall clock measures 10 cm from axis to tip. What is the dis-
placement vector of its tip

(a) from a quarter after the hour to half past, (b) in the next half hour, (c) in the
next hour?

Solution:

Let dy be the minute hand at a quarter after the hour, @; be the minute hand at half past
the hour, @y be the minute hand at 45 minutes past the hour, and let @3 be the minute hand
on the hour. In other words, dy = az, a; = —ay, dy = —az and d3 = +ay, where a = 10
cm. The displacement vector for part (a) is d, = @ — @ = a(—§ — &) = —a(2 + §). For part
(b), the initial position is the same as in part (a), and the final position is 45 minutes past
the hour. So the displacement vector for part (b) is d, = @ — @ = a(—% — &) = —2a #. For
part (c), the minute hand starts at 15 past and ends at 15 past, so the displacement vector is 0.

6. KK 1.4: Prove that if |+ b| = |@ — b| = 0 then @ and b are perpendicular.

Solution:

@ +b2 = (@+b)- (@+0b) = a®+b>+2d-b, where a = |@| and b = |b|. Similarly,
|@d —0|* = a®+b* —2d-b. Setting the two equal implies 2d-b = —2d@-b = a-b = 0. Since
the angle ¢ between the vectors @ and b is defined by cosp = @-b/(ab) = 0, we find ¢ = 90°

Therefore @ and b are perpendicular.
7. KK 1.5: Prove that the diagonals of a regular parallelogram are perpendicular.
Solution:

Let @ and b be two adjacent sides of the parallelogram. Then one diagonal is @+ b while the
other diagonal is @ — b. We want the angle 3 between the two diagonals, which is defined by

S N (2 2 12
cosﬁ:(aj_bl Ea Hb): ﬁaﬁﬁb _
|d + b||d — b |@ + b||d — b

where a = |@| and b = |b|. If a = b, then cos § = 0 = 3 = 90°. Therefore the diagonals
a+ b and @ — b are perpendicular.

8. KK 1.8: Let C__L: =i+ - kand b = 2 — j+ 3k. Find a unit vector 7 perpendicular
to both @ and to b.



Solution:

Step 1: Compute the vector v = @ x l;, which is perpendicular to both @ and to b.
Step 2: Normalize ¥ to 1, or in other words define the unit vector as n = 9/|v]|.

The components of ¢ are v; = €;;,a,by, so:

v = agbg — a3b2 = (1)(3
Vo = a3b1 — a1b3 = (—1) 2) —
(

which means 7 = 2i—57—3k. The magnitude of 7is |7| = /v? + 13 + 12 = \/(2)2 + (—5)2 + (—3)2 =
V44 25+9 = +/38. Therefore the unit vector perpendicular to both @ and b is
(20 — 5] — 3k) .

n =

1
V38





