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Abstract: We develop the classical and quantum mechanics of a massless relativistic string,
the light string, which is characterized by an action proportional to the area of the world
sheet swept out by the string in space time. We show that, classically, there are only D-2
dynamically independent components among the D functions x¥(o,r) which represent
the world sheet (D is the dimension of space time). Quantizing only these independent
components, we find that the angular momentum operators suggested by the correspon-
dence principle generate O(D—1,1) only when the first excited state is a photon, i.e., a
spin-one massless state, and when D = 26. By allowing additional degrees of freedom in
the quantum mechanics, we are able to quantize the string in a Lorentz covariant manner
for any value of D and any mass for the first excited state. In this latter scheme the full
Fock space contains negative norm states. However, when D < 26 for a massless first ex-
cited state and D < 25 for a real massive first excited state, the physical states span a
positive subspace of the Fock space. The excitation spectrum of the light string coincides
with the space of physical states in the dual resonance model for unit intercept of the
leading Regge trajectory. We point out the connection of this work to previous studies
of the physical states in dual models.

1. Introduction

Ever since the early days of dual resonance models, people have attempted to
ascribe the excitation spectrum of those models to a vibrating relativistic string. In
the earliest treatments [1] the space-time interpretation of the string was obscure
even at the classical level. The main obstacle to such an interpretation was that the
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time component of the string vibrated along with the space components. Only re-
cently, following an original idea of Nambu [2] has progress been made in giving
the string a space-time interpretation [3]. The suggestion was made that the action
of the relativistic string should be proportional to the area of the world sheet swept
out by the string in space time. The Virasoro gauge conditions [4] which appear in
dual models arise naturally in this description because of the arbitrariness of param-
etrization of the surface swept out by the string: one can always choose an ortho-
normal parametrization such that

ox Ox ox\2  fox\2 _
oX o4& _ & 21V =0.
o1 00 0, (87) +(Bo)

The Fourier components of these equations just say that the Virasoro gauges, L,
are zero.

This freedom of parametrization can be exploited to choose, as one parameter,
the time, x©, in some Lorentz frame. By choosing the other parameter, o, to be the
fraction of the total energy included between one end of the string and the point in
question, the equations of motion simplify to

82 1 92 _ , . ~
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and the subsidiary conditions
ox ax _ (@z)ﬁ ! (ax)"’:o
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where E is the total energy of the string. One consequence of these conditions is
that the ends of the string move at the speed of light. Another is the fact that only
the motion of the string perpendicular to itself is dynamically significant. Thus the
number of independent vibrations of the string is only two: the string is transverse.
The string can then be quantized by making x(o, f) quantum mechanical operators
and subjecting the physical states to the subsidiary conditions. This procedure clear
ly uses a positive definite Hilbert space so there is no problem with negative norm
states. However, manifest Lorentz covariance is lost and must be proven before the
theory is acceptable.

In the meantime an extensive study of the physical states in the dual resonance
model led to proofs of the absence of ghosts (negative-norm states) under certain
conditions [5, 6]. These conditions are that the intercept of the leading Regge tra-
jectory must be unity and the dimension of space-time cannot be greater than 26.
Further, these proofs established that when the dimension of space time is 26, the
spectrum of physical states is purely transverse. Since a set of transverse states had
already been explicitly constructed [7] these could be taken as a complete set of
physical states. The O(25,1) transformation properties of physical states in 26 di-
mensions were studied [8] and a representation of Q(25), the little group of the
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total momentum of a particular state on the transverse subspace alone constructed
explicitly. This construction failed in less than 26 dimensions because the physical
states are then not transverse.

It is our aim in this paper to understand the results described in the previous
paragraph in terms of the quantization of the relativistic string. Since the transverse
physical states mentioned before are simple in the limit of infinite momentum, we
are led to choose one parameter of the surface swept out by the string proportional
tox, =+/1(x0 +x3) rather than simply x0. We shall show how previous results on
the representations of the little group in 26 dimensions arise naturally from this
choice of parametrization. In the process we shall review completely the classical
and quantum mechanics of the relativistic string and shall attempt to unify the var-
ious treatments.

2. Classical mechanics of the light string
2.1. Equations of motion

We characterize a string mathematically as a finite curve in space which in general
is allowed to change its shape and position as a function of time. In a particular Lo-
rentz frame we can describe the string at a time x0 = ¢ by a set of functions

xi(o, 1),

where x/(0, £) is the ith spatial coordinate of the point on the string labeled by the
parameter g. In space-time the propagating string can be characterized by the two-
dimensional surface x#(o, ¢):

x9(0, f)=ct, xi(o, 1) =xi(a, t). (1)

Clearly, the knowledge of this surface gives a complete description of the motion of
the string: we obtain the configuration of the string at any time ¢ by intersecting
the surface with the hyperplane x0 = 1.

The only a priori restriction we place on the surface spanned by the string is
that in the neighbourhood of each of its points there exists an infinitesimal displace-
ment along the surface which points in the time-like or light-like direction;i.e., we
require each point of the string to move at a velocity less than or equal to the veloc-
ity of light. We shall call such a surface time-like. Eq. (1) give a possible parametric
representation of the surface, but we prefer to use a completely general parametri-
zation.

xt =xH(o,7). )
Let us introduce the differential forms

" JxH
dx“=§ax? do+5 - dr, (3)
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Then the condition that the surface be time-like is just *

—arwar,, = Goan? (2 2 - (%) (:Tx)]eo. )

The area element spanned by the two infinitesimal displacements

ox* oxH
0 400 A7
is given by
1
d4 = {—dF® dFW}2 . (6)

For our purposes it will be convenient to choose the parameters so that the ends
of the string correspond to o = 0 and ¢ = 7 and so that the initial and final configu-
rations of the string, after some motion in space time, correspond to fixed values of
7, 7; and 7¢. In almost all physical problems the initial and final configurations of
the string will be those seen by a definite observer at a given instant of time in his
Lorentz frame: this means that, initially and finally, the lines of constant 7 will be
lines of constant time in that frame. But we shall be more general and shall allow as
initial and final configurations of the string any two non-intersecting space-like
curves, x{(0), x{(0), which can be connected by a time-like surface.

We shall take the dynamics of the string to be given by choosing the action pro-
portional to the area of the surface swept out by the string [9]

o {63 66

m

sz d'rfdoL. (7)

0

This is the simplest action one can write down which is intrinsic to the surface, and
the choice is closely analogous to choosing the action of a structureless point par-
ticle proportional to the length of its world line. The constant &' has dimensions
(energy)~2 and ensures that S has the dimensions of action. Our theory thus has a
fundamental length, which, as we shall see measures the slope of Regge trajectories:

N4
4E2

=o' 7.

* Qur metric is —g°0 = +gf = 1.
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We shall henceforth choose our units so that &' =# = ¢ = 1, so that all physical
quantities will be dimensionless. At any point, of course, we can restore these fac-
tors and convert to conventional units.

The equations of motion for the string follow from the principle of least action:
we require that S be stationary under any small variation of the surface that joins
the initial and final configurations of the string (X = dx/dz, x’ = dx/d0):

9 3L 2 dL
55 = fdr fdo{ 77 ok 90 o }Sx“
m

+fd7(6x 7) . +fd (5x )

for all x#(o, ) such that dx# (o, 7;) = x¥(a, 74) = 0.
Thus we find the equations of motion *

2 oL 3 Bl _

T gk oxH "30 ax'#

T=1¢

:Ti

=0 (8

0, (9a)

and the boundary condition

AL o =L (x =0, (9b)
ax'H ox'H

These equations have a very simple physical interpretation. In some particular
Lorentz frame take the parameter 7 to be the time ¢, so that the motion is described
by x = x(¢, 0), x a three-vector. Let ds = [0x/d0|do be the element of length along the
string and v, = 9x/dr — (3x/9s)[(3x/d1) - (8x/0s)] the velocity of the string perpen-
dicular to itself. Then (7) becomes

It

S=det,

5

2
92 viyl
_ ~ ds 132 ,
L=-T, | d“ﬁ(“?) ’ )
a1

c

where T, = 1/(2ma'#ic) has the dimensions of force. If we simplify further by
choosing o so that (3x/0¢) - (3x/d0) = 0 i.e., so that the path of a point of constant
o is always perpendicular to the string, then (9) becomes

* If our surface were space-like, eq. (9a) would be the equation for a surface of minimal area,
and if x© = ¢, the minimal Euclidian area. In the Euclidian case, however, no solution exists
unless the boundary is closed: there is no solution statisfying (9b). In our case the eqs. (9b)
can be satisfied, and require the ends of the string to move with the velocity of light.
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0 TO vl ds 0 Uf.liax )
o a2 5] o)
(1—v?/c?)? ¢

The obvious interpretation is that we have a string with zero rest mass and rest ten-
sion Ty. The mass per unit length is (TO/cz)(l — v2/c2)“'l and the effective tension
isT=Ty(1- v2/c2)2 Only the transverse motion is significant. There is no con-
servation of matenal of the string; stretching it makes it more massive. The original
interpretation in terms of the area of the world sheet shows that the theory is co-
variant.

The boundary conditions become

do, do, ,
() =), =c, w40 (9b")

so that a free end moves with the speed of light at right angles to the string. This is
necessary to make 7 = O at the ends. It is now simple to verify the obvious expres-
sions for momentum, energy and angular momentum of the string, but we do this
using the general covariant expressions in the next paragraph. It is also easy to verify
that a simple set of possible motions of the string are rigid rotations of a straight
string of length 2a with angular velocity w, where wa = ¢. In such a motion the
total energy £ ~ g and the angular momentum J ~ a2 so that £2 ~J. In factE = nTya.
J=(nTy/2c)a? so that J/#i = ( n#icTy) E? = o'E 2. We shall see that this corresponds
to the leading Regge trajectory of the dual resonance model. A tension of 13 tons
gives a slope of 1 GeV—2

Returning to the general formulation, we note that because the Lagrangian den-
sity L is invariant under the Poincaré group (since it is a function of Lorentz scalars
formed out of the derivatives of x*), there will be locally conserved quantities asso-
ciated with infinitesimal transformations in this group. By performing an infinite-
simal translation we see that the energy momentum flowing across an infinitesimal
line element is just

dP”=*a~.£ da+a—ljdr
ax ax
u I

Thus on the surface we can define an energy momentum current P¥ (i = 7, 0) with
components

oL

a

oL _ -

PTM-S)'T—P#’ P‘;—T. (10)
M

Then eq. (9a) expresses the local conservation of energy momentum along the sur-

face, and eq. (9b) expresses the fact that no energy momentum flows from the ends

of the string. In particular, the total momentum,
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m
P = [ (doP* + dTP‘;)={doP‘T‘ : (11)
C

where C is any curve from the boundary line x#(0, 7) to the boundary line x*(x, 7),
is independent of the choice of C and represents the total energy momentum of
the string. In a similar way we can perform infinitesimal Lorentz transformations
and see that the angular momentum flowing across an infinitesimal line element is

M = (xH P? — x”P4) do + (x* P? — x* PH) dr . (12)
So we can define an angular momentum current M#; = x# P¥ — x” P4 which is lo-
cally conserved

aM e uv

—T . IMPo _ 0

oT a0 ’
M*o=0,at o=0,7. (13)

Eqgs. (13) are also a direct consequence of egs. (9). The (conserved) total angular
momentum of the string is, of course,

M* = [ do M7 . (14)
0

Because our action is independent of the way we parametrize the surface, eq. (9a)
is form invariant under an arbitrary non-singular reparametrization of the surface
and (9b) is form invariant under those reparametrizations for which the lines
x(0=0,7),x(0 =m,7) coincide with the lines x(¢ = 0, 7), x(0 = 7, 7). This means
that if the functions

x*(o, 7)
satisfy (9), then so do the functions
xk(G (0,7),7(0, 7)),

provided only (0, 7) = 0, 6(m, 7) = m. This invariance reflects the fact that these
two functions define the same surface and should therefore be regarded as equiva-
lent. There is a continuous infinity of functions which satisfy eq. (9) given the ini-
tial and final configurations. We must therefore specify the parametrization in some
way before we can solve them.

In fixing our parametrization we would also like to do it in such a way as to sim-
plify eqgs. (9). It is a well-known result from the theory of Euclidian surfaces [10]
that one can linearize these equations by choosing an orthonormal parametrization

8x Jx _ ax)2  [3ax\2 _
30 370> (ao) _(a-r) =0,
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which can be done for any Euclidean surface. Since our surface is assumed to be
time-like, the second of these equations is impossible. However, we can always
choose a parametrization so that

dx Ox ax\2 | [ox)?
aoE‘O’ (ao) +(a‘r) =0 (15)
With this parametrization, eq. (9a) becomes simply the one-dimensional wave equa-
tion
2 2
(8_ 46%) xM(o,7)=0.
ar:  do?
We could thus impose egs. (15) as additional constraint equations merely on geo-
metrical grounds. However, we prefer to proceed from a more physical point of
view and fix a parametrization according to the arguments that follow. The ortho-
normality conditions, egs. (15) will still result, together with a further constraint.
In our problem we would like to identify 7 with some time coordinate, so we
start by setting

n-x=2n-P)r, (16)

where P is the total momentum of the string and » is a constant vector, such that

n2 < 0. We do not specify n = (1, 0, 0, 0) because we want to leave some arbitrari-
ness in the choice of frame and also because, as we shall see, when n2 = 0, we get
special simplifications. The component of momentum along n, (n - P), is inserted
because it simplifies some further equations, but this is not fundamental. If we

want to identify o with some physical quantity, and still keep it varying from O to m,
we must relate it to a conserved quantity. This suggests that we take o proportional
to the relative momentum along » included between the boundary and the point
considered, i.e.,

g
(n-P)o=1rf don- P . a7
0
fixed 7
This equation amounts to saying that n- P, is constant along o and since its integral
is conserved, it must also be independent of 7, i.e.,

nop =2t (18)

m

Then the equations of motion (9a), (9b) become

0 - - -
350" P =0, PU—O, at 0=0,m,

so that n- P, = 0. On the other hand,
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» !

X-x
1
{G-x' ) —x2x"2 )
so that X+ x' = 0. Then (18) implies %2 +x'2 =0, so we find the ortho-normality

conditions (15).
Summarizing, our system of equations has become

. o
n- P

(3_2 _a_z)xu “0. (19b)
3t 3g2

%)%u= , ato=0,7, (19¢)
n-x=2n-Pyr. (194d)

Taking advantage of (19a) we can evaluate the momentum and angular momentum
currents

_ 1 ax* Pu=__1y
a 27 90’

w _ 1 ax” axt 1 ax” axk
M = (""E —"”a—r)’ Mg = =5 (X“a—a “X”"a;)-
Eq. (18) is therefore a consequence of (19d) and (19a).

By specifying our parameter 7 as in (19d) we have given up manifest Lorentz
covariance since we have singled out a particular direction n*. The quantity
n- x/n- P plays the role of a parameter rather than a dynamical variable. If we only
require eqs. (19a) — (c), which are manifestly covariant, then the parametrization
is not fixed: one can still perform a reparametrization,

6=0(0,7), 7=10.7),
which preserves (19a), provided that

d0 Ot do d ~

< > _,\,=aT7\.,’ %=0, at 0=0,7.

90 97 397 35 o7
These last two equations determine 0(G,7) (up to an additive constant) from
7(0,7) and further require that 7(g, 7) satisfies

2 2
(-ar—aT)To,?)=0, %=O,at3=0,n. (20)
72 952 a0

In terms of the new parameters only (19a) — (c) are true; but 7 is no longer propor-
tional to a time variable. Conversely, if we had initiallly required only (19a) then we
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could always further specialize 7 to be proportional to n - x since each component
of x satisfies (20b). Because the special reparametrization must satisfy the wave
equation and boundary conditions (20b), it is completely fixed once we specify two
space-like non-intersecting equal-7 lines on our surface. In particular, once we specify
the initial and final configurations to be equal-r lines, then the parametrization of
the surface has been completely specified by requiring orthonormality (19a).

At this point we can draw an analogy with electromagnetism. In this theory, spec-
ifying the Lorentz condition 9,,4* = 0 does not completely determine the poten-
tial, since the gauge transformation

A¥ > AM + oty

preserves 9, 4* = 0 if 82x = 0. However, once we specify the potentials initially and
finally (e.g., 49 = 0 at ¢ = + =), then this last special gauge freedom is completely
removed. In both cases, the manifestly covariant gauge conditions are sufficient to
enable one to solve the equations of motion.

2.2. Canonical formalism

For our discussion of the quantum mechanics of the relativistic string we shall
need expressions for the Poisson brackets of our dynamical variables. One could
think of taking x# and P* as canonically conjugate variables: however, these quan-
tities are not independent. Using eq. (10) and the expression for [ it is simple to
check that

x5y P2+;(a_x)2=0’ 21)

00 T T (21T)2 o0
so that our phase space is constrained. The presence of egs. (21) is related to the
arbitrariness in the choice of the parametrization.

In the presence of constraints, one can establish a canonical formalism either by
computing all Poisson brackets before the constraints are applied (assuming in this
case canonical Poisson brackets for all the components of x# and P#), and im-
posing afterwards the constraint equations onto the dynamical system [11], or by
solving explicitly the constraints to eliminate some of the variables from the equa-
tions of motion.

The quantization procedures that follow these two treatments of the classical
system are different, and we shall discuss them both. At the classical level we shall
study in detail only the formalism based on the elimination of the redundant varia-
bles. (For the other formalism see ref. [11] and also appendix A.) Our procedure is
to first specify completely the parametrization and then use egs. (21) to express all
of the dynamical variables in terms of a certain set of independent ones.

Although this method could be followed for any choice of parametrization, we
find it particularly convenient to fix the parametrization according to eqs. (16) and
(18), with » light-like. We introduce the notation n, =+/I(n0  n3) for every
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Lorentz vector n#, and denote by n its residual space components. For definiteness,
we take n of the form 1/2/2(1,0, —1);i.e.,n_=1,n, =n =0. Eqs. (18) and (16)
tell us that (the parametrization is such that) the density of momentum P* does not
depend on o, so that it is proportional to the total momentum P, :

P+
P, = (22a)
and that x__ is proportional to 7:
x, =2P 1. (22b)
Then egs. (21) give
P, '
7)(_ =x - P, (23a)
P 2
2—p =P+ X (23b)
i (21T)2

We introduce the baricentric coordinate

qﬁ(1)=%f dox (o,7).
0

We can then solve egs. (23) explicitly to obtain *

x (6, 7)=q (1) +£+_f do’ (01; —0(0" — o))x' -P (24a)
0
”
P (0.1 =" (p2 L X2 24b
o= (277)2) (245)

We see that all dynamical variables can be expressed in terms of the transverse varia-
bles x, P, and the additional two quantities P, and q_.

We should establish Poisson brackets among these quantities so that the equa-
tions of motion follow in the Hamiltonian form

o of
f={rdi+o-. (25)
Notice that H should be given by
T 2
H=2PP =n7 do(P2+x ) (26)
T ‘g (217)2

* . .
q _(¢) must be introduced into eq. (24a) because eq. (23a) contains only 3x~ /30.
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since P_ is the generator of infinitesimal translations in the x, direction. The equa-
tions of motion are the following ones:

"

5 X
P=i-, (273)
X =21 P, (27b)
P_= constant, (27¢)
¥
: _H
q =2P ——P+—. (27d)

These equations, together with egs. (25) and (26), demand that

O }={PLPIY=0, {x'(0), Pl(o")}=8"6(c o), (28a)
and that
a4 =4y *poT,
3

where q,_ is a constant of the motion. We can then assume a canonical Poisson
bracket between g, _ and P, .

fa,_ P, }=—1. (28b)

This last ansatz is consistent with the fact that P, generates displacements in the
minus direction, and, together with {P,,x}={P,, P}= {q,_,x}= {q,_,P}=0,
completes the specification of the Poisson brackets among the independent dynam-
ical variables.

The Poisson brackets of the x_ variables among themselves and with other varia-
bles can be computed from (24) and (28). It is more instructive, however, to expand
all of the variables into normal modes and derive the Poisson brackets for these. By
virtue of the wave equation and boundary conditions we can expand x*(o, 7) as
follows:

0 a“ )
xB(o, 1) =gk +/2 [ahr +i 2 ;n— cosnoe 7). 29)
nz_oo
n#0

Then g%, al; will all be constants of the motion. Reality of x* impliesq, = ¢3 ,
ay,=ak, a}=a_,.Eqgs. (22) and (24) give the following constraints on the normal
modes:

q,=a;,=0, n#0, a;=+2P,, (30)

1
a, =a—+ L,, where Ln=§ a_; a,. .5 (31
0o
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ail, q’;,, a}, and g, are independent variables. The Poisson brackets among these vari-
ables follow from (28) and (29):

.o Y=—ins, 87,14 o }=v/28%, {4, d,}=0, {a5.a5 }=—/2(32)
From these the algebra of the dependent modes follows:
= F Y=imd ] = i
(L, L, Y=—iG=m) Ly (Lydl y=imal, . g L }=vZd), (33)
In terms of the normal modes the Hamiltonian is

- S o223 g
H=2PP_=| =p*+ 25 a,-af, (34)

n=1

and the invariant (mass)? is

M2=2PP —P2=20 |a|?. (35)
n=1

We can also work out the total momentum and angular momenturmn:

paL gu, (36)

V2 o©
o T
1 . a a_
M”V=“\7—5(dig—qug)+l E nn o (37)
n=-oo
n#0
If we consider the case of the string rotating about the 3 axis in the nth mode
(a2 =ia}), then the total angular momentum and invariant mass are:
1.2 1 2 2
JzMu:l.(M)zng 2 _la,
n nn n '

M=la,l,

so that
2
M
J= palt (38)

We have a leading linear Regge trajectory (rn = 1) with slope 1 in our units. If we
choose conventional units the slope is just o', of course.

2.3. Lorentz covariance properties

Having developed a canonical formalism for the motion of the string in light-cone
variables we could proceed immediately to the quantization of the system through
the correspondence principle:

i {Poisson bracket } > [commutator] .
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However, it is useful to first analyze the covariance properties of our dynamical
variables under Lorentz transformations. This is non-trivial since we have given up
manifest Lorentz covariance through egs. (22). These equations will no longer hold
in the frame of a different observer whose x, coordinate will be

~

X, = A+vx" , (39)

where A is the Lorentz transformation between his frame and the original one; x
will in general depend on both 7 and o, and will not satisfy the transformed eq. (22b)

X, #2P,r.

Nevertheless we can always change the parametrization by 7 =7 (0, 1), ¢ = 9(0, 7)
so that, in terms of the new variables

¥, H=2P7. (40)

The possibility of redefining 7 so that (40) is true depends on the fact that, as a
function of o and 7, X, = A% x, satisfies the wave equation as well as the boundary
condition 39X, /00 = 0. We shall study this procedure in detail for an infinitesimal
Lorentz transformation:

X*(0,7)=x*(0,7) + e M*x (0,7), PH=Pt+eM™P . (41)
Eq. (40) demands
7(o, T)=T+E%/l71:x"(o, T)—eTMP”. (42)

.
Then 0 must be computed from 86/37 = 87 /30, 30/d0 = 7 /d7. We obtain

g
~_ € e PPN o
5 o+—*2P+{ do' M} ¥ (', 7) — e oM PV (43)

The new observer will therefore describe the system through the functions

%0 (3,1 @),

so that the difference in descriptions will be given by:
8x, =X (0(0,7),7(3,7) —x,(3,7) (44)
M o
=e[M*x"(0, 1) — = (x'* {f do'x” — 20PY }+ x* {x” — 27P" })],
v 2P, A
In terms of the normal modes we have:

Mt 0 N .
PR Iy T R 4 m-n'n 1 v u
da,, e[MU a,, ma* m ,,Z_)w(_” \/——2 qoam)} .

n+0
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14

M < g* a
o mup P -n"n
8qh =€ quo—z—‘a+ V2 2 m
(o]

_ig¥ a*
a).
n=—eo

n#0
6aﬁ=e]l71‘;a’(’). (45)

We see that the descriptions of the evolution of the string in two different frames
are not related by a mere Lorentz transformation; the Lorentz transformation in-
duced by the change of frame is followed by reparametrization, by which the new
observer adjasts the description to his own light-cone parameters. Of course, eqgs. (44)
provide a representation of the Lorentz group (a non-linear and non-trivial one)
within the space of functions x(g, ), ¥(g, 7) and the numbers g5 and a}.

If our prescription for Poisson brackets is consistent, then the transformations
(44) or (45) should be generated by taking the Poisson bracket with the total angular
momentum {37). We shall show in appendix B that when the expressions (30), (31)
forq3, a, q, @, are substituted into the expression for the angular momentum
(37), then the expression M= —% }T/[‘“’M‘w generates the transformation (44), i.e.,

5 xM(o,1y=¢€ {M x*(o,7)}. (46)
It then follows that M#¥ obeys the Lorentz algebra:
(M, M2 } = (gHM™ — g2 M7 — M + WM™ (@7)

3. Quantum mechanics of the light string
3. 1. General considerations

In constructing the quantum theory of the string we rely on the correspondence
principle. That is, we regard the dynamical variables as operators whose equal-r
commutators are obtained by the rule

i { Poisson bracket } = [commutator] . (48)

The presence of constraints among the classical quantities x#(g, 7) and P*(g, 7)
requires some care in the construction of the quantum theory. We have seen that,
already at the classical level, we can either eliminate some of the variables from the
equations of motion, and impose canonical Poisson brackets on the remaining ones,
or introduce canonical Poisson brackets for all x# and P*, but impose the constraints
in the weak sense of Dirac, namely, after all the Poisson brackets have been com-
puted.

Correspondingly, at the quantum level we can assume canonical commutation
relations for the transverse operators x; and P;, plus the additional operators g, _
and P, , if we choose to eliminate the redundant variables. The other operators x _,
P_, x, and P, will be expressed in terms of these. In particular, according to the
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choice of parametrization, x, will be given by the total momentum in the + direction
times a c-number.
Alternatively, we can quantize covariantly

[x*, P’] =ighs (0 — d'), (49)
and impose egs. (21) only for matrix elements between physical states:
x - 2, x? -
(llfllao Plv,)=<{y,I P +(21r)2 [¥,)=0. (50

This last procedure is analogous to the Gupta-Bleuler prescription for imposing the
Lorentz gauge in quantum electrodynamics, whereas the other one resembles the
method by which electrodynamics was first quantized.

Of course, in the fully covariant method of quantization it is difficult to ascribe
a meaning to the time variable along the string x,(0, 7), or to the equivalent light-
cone variable x (0, 7) which become operators. In our opinion, this difficulty has
been the main obstacle in visualizing the quantum string introduced in ref. [1] as im-
bedded in ordinary space-time. The difficulty is not present if we quantize only the
independent variables.

However, as we shall see, it is possible, under certain conditions, to eliminate x,
as a dynamical variable also in the fully covariant formalism, by requiring that
x, = 2P, as a weak equation, i.e.,

(Yltx, — 2P, 1) ¥)=0, (51)

when | ) and | ) are physical states.

We shall describe first the non-covariant quantization, and then discuss the other
possibility. In both cases, the transition from the classical to the quantum theory
involves ambiguities relative to the order of operators in the definition of some
quantum variables. We shall show how these ambiguities are resolved, in the non-
covariant formalism, by the requirement that the quantum theory be in fact Lorentz
covariant; whereas they are resolved by the requirement that eq. (51) be compatible,
in the covariant quantization procedure.

3.2. Non-covariant quantization
We have seen in subsect. 2.2. that we can consider as independent dynamical vari-

ables x, P, g5 and P,, and express all others in terms of these. We then use the canon
ical quantization procedure on these independent dynamical variables:

[x'(0), PI(6")] =i8678(c —0)),  [x'(0). X(d")] = [P'(0), P/(0")] =0,

lag. P'l=—i,  [a5x']=[q;, P/l = [P*.x"] = [P*, P]=0. (52a)
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It will be much clearer to work with normal modes so that we do not have to worry
about continuous indices. In terms of these the quantum conditions are:

ld, a/;n]=n8n;7m6’.j, [q'('), a]=-iv28", [¢',ql] =0,

lq;.a}] =-iV2, =lq;.q ] = e}, &) = lal. q 1 =0.  (52b)

(We shall regarda,, n > 0 as anmhllatlon operators; a,, =a_, are then creation oper-
ators for n > 0.) The dependent operators a;, g are given in terms of these by

eqgs. (30) and (31), but now we have an ambiguity in ordering the operators. In fact,
the only place this ambiguity occurs is in the operator a;, since this one involves
products of operators which do not commute. For the moment we shall leave this
ambiguity open and write

a; =i+ [Ly—o,], (53)

a
8}

where by L, we mean the normal ordered expression. The physical meaning of a,
can be seen from the quantum mechanical analogue of (35) which becomes

M2=Lo—a0—P2=?a;~an—ao, (54)

so that (—a,) is just the (mass)? of the ground state. We denote by |0, ) the ground
state vector with momentum k. The first excited state a’{i 10, k) hasM2=1 — a,.0n
the other hand it has only transverse degrees of freedom, so if the theory is to be
Lorentz covariant this state must be massless, i.e., a, = 1. We shall see this result
again in our detailed study of the Lorentz covariance of our theory, to which we
now turn.

In writing down the angular momentum operators, which generate Lorentz trans-
formations, we must again be careful about how we order the operators which occur
in products. For a start we symmetrize the classical expression in x and Pto ensure
that M* is a Hermitan operator, so we write:

M"v=%f do (x#P¥ + PVxH — xVPH _ PHxV), (55)
0

Working these out in normal modes separately for the various choices of u and », we
have:
. < g _g 4
—-nn —n'n
MY = T(qoaé—qoao)—l 2“*—— ) (562)

n=1 n

- . 1 -1 1 . 1
M= i [(,;;(Lo—ao)+;§(Lo—ao)q;} - Hasa (56b)
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Mt =_pmtli= 7 ga; : (56¢)
_ 1 _ _
M~—=_M*= _21\/§(q0a; +a$q0) . (56d)

It is not hard to check, using the known algebra of the operators occurring in (56),
that a change of the ordering of any of the operators leads either to no change in
the expression or to an expression which is no longer Hermitian, so that hermiticity
alone fixes the ordering of the operators.

If we consider for example the state with only nth mode excitations and definite
components of angular momentum in the 3 direction:

1Wy=@}t +iat K0y,
then
A |wn) =M12N’n) =1 (a;'l +ia;2)(a’11 - iaﬁ)ld/n)

M2+o<0 o,
ZT I\I/n)= (K +”;l“)|llln).

We see that there is a leading Regge trajectory (n = 1) given by
a@®)=sta, .

We still must prove that the expressions (56) form a representation of the Lorentz
group. We have already seen there is no hope unless «, = 1 but let us compute the
algebra of the expressions (56) first with a,, arbitrary. The algebra of M¥ among
themselves is all right since they involve no non-canonical expressions. However,
the expression for M?~ involves the non-canonical operators |, which have an alge-
bra similar but not quite the same as the classical variables:

(L Lyl =@m=—m) L, +5@-28, . —n), (57a)
(L ] =—md),, . (57b)
a5, L) =iv2a,, (57c)

where D is the dimension of space time. The appearance of the second term in (57a)
is a purely quantum mechanical effect which is due to the fact that the operator [,
is in normal ordered form and on commuting say L,, with L _, one gets terms which
are not normally ordered. The term is proportional to D—2, which is the total num-
ber of transverse operators of a given mode, because each component clearly con-
tributes the same amount. ] )

In appendix B we shall compute [M'~, M~ ] which should be zero if our theory
is Lorentz covariant. In general it is non-zero, in fact:

M~ M= 4%2 m.g}l (1 — 25(D=2) +-L (K(D-2) e ) (@} dl, &l ).
(58)
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For arbitrary values of D and e, then, the theory is not covariant. For the particu-
lar values

a0=1,
D =26, (59)

and only for these values does | - Mj"] = 0. None of the other commutators
among the expressions (56) give trouble as can be easily seen by direct computa-
tion. Thus the quantum mechanics given by the correspondence principle is consis-
tent only when the intercept of the leading trajectory and the dimension of space
time are quantized according to (59). A particular consequence of (59) is that the
ground state is a tachyon, M2 = —1.

All these results have been obtained in ref, [8] where we studied the Lorentz
covariance of physical states in the dual resonance model. In that paper we con-
structed the generators of O(25), (the little group of the total momentum of the
state), on the transverse physical states in 26 space-time dimensions constructed by
Del Giudice, Di Vecchia and Fubini [7] which, in fact, coincide with what one
would get from the expressions for these generators constructed from (56). We
found, from essentially the same algebra used here, that the construction only
worked for D = 26. However, the form the generators took and their action on the
transverse states were mysterious and with the present work we see how they come
out naturally in terms of a particular parametrization of the relativistic string. We
also have constructed the remaining generators of O(25,1) which we had not done
in our previous work.

3.3. The covariant quantization

The covariant quantization is performed by assuming
[XM(O'), PV(OI)] equa_sz ng-le (0 - 0') ’

and imposing eq. (50) on the physical states.
Resolving eqs. (49) and (50) into normal modes, we see that they are equivalent

to
e @ =85, . lq¥a2) =ivZg", (60)
(Y ILyly=0, N+0, (61a)
(YL W) =a 1Y, (61b)
where
Ly= %1=Z_>m LR (62)
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The operators L, satisfy the algebra

Ly Ly =V = M) Ly + 508y 4y (N = V), (63a)

[Ly, dh] =—nd, . (63b)

lab, Lyl =iV2ay . (63¢)
We therefore impose the subsidiary conditions *

Lyl$)=0, N>0, (64a)

Loy =aly). (64b)

Because of the indefinite metric in (60) we are not sure that the solutions of eq. (64)
contain no negative norm state. The solutions of these equations have been studied
by Brower [5] and two of us [6]. The results are that fora, =1 and 1 <D <26
and for a, < 1 and 1 <D < 25 there are no negative norm solutions to (64a) and
(64b). For the dual resonance model in which the physical states satisfy eq. (64)
with ¢, = 1 these results have the significance that there are no negative width res-
onances (ghosts) coupling to physical states when 1 <D < 26.

So, if we only require the positiveness of the physical subspace we can relax the
conditions D = 26, o, = 1. The price we pay, as can be seen from refs. [5, 6] is that
the number of independent degrees of freedom in the quantum system is larger than
in the classical system. The quantum system no longer reflects that last degree of
freedom allowed after imposing (19a) in the classical system. An analogy from QED
is helpful here. In the covariant quantization the Lorentz gauge condition becomes
in momentum space (on shell k2 = 0)

k-a(k)y>=0.
Now, this equation has three solutions:
k-a®10), a]lo),
where aI are the transverse components. However, k - a*|0) has zero norm:
Ola- ka* - k|OY=k? =0,
and decouples from the theory. The existence of such zero norm states reflects an
arbitrariness in the definition of physical states, namely the state

* The operator L , which appears in eq. (64b) can be considered the Hamiltonian of the system,
so that, in the Heisenberg picture,

..p,:
ix [x”,LO].

This identification specifies a particular parametrization, and corresponds to the constraints
(19a) in the classical formulation. The fact that the choice of a parametrization (of a gauge
for the string) is equivalent to the specification of a particular form for the Hamiltonian with-
in a class of equivalent ones is illustrated in ref. [11] and, for our case, also in appendix A.
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WY =1+ Ak atl0),

where | ) is physical is also physical and further has identical couplings to [). Ef-
fectively the only physical states which couple in the theory are the finite norm
ones and there are only two such states so the photon is really transverse.

In our theory a similar phenomenon may happen. It may be that there are zero
norm solutions to (64). If there are then the states of physical interest, the finite
normed states, are not uniquely determined. [t is this ambiguity which reflects the
further freedom of parametrization allowed after (19a) are imposed. We may then
formulate the possibility of imposing (19d) as follows: we should always be able to
choose the finite normed solutions of (64) in such a way that

W n-x95y=2@In- PIYSY 7, (65)
for any light-like vector n(n2 = 0). In terms of normal modes, this means

@Yln-a,lg5y=0, 1#0. (66)
In other words [F) must satisfy

n-alyFr=0, >0, (67)
in addition to

LivH=0, 1>0.

In ref. [6] it has been shown that all the solutions of (67) are precisely the states
constructed by DDF for n = k. The results of refs. [5, 6] show that these states span
the finite norm subspace of the solutions of (64) if and only if D = 26 and a, = 1.

For D <26 and a, = 1 effectively only the modes a; are transverse and all of the
others have three independent components. For D < 25 and o, < 1 all of the modes
effectively have three independent components. There are some analogies of the
more general solutions of (64) and the Higgs mechanism for ordinary gauge theories.
By means of the Higgs mechanism one is able to give a mass to the photon in such a
way as to preserve enough of the gauge invariance of the theory to ensure the ab-
sence of ghosts. Of course, in the process one must also supply a third degree of
freedom because a massive vector particle cannot be transverse. Similarly, as one
departs from D = 26, &, = 1, maintaining (64a), one must introduce into the theory
extra degrees of freedom in a well-defined way. Of course, at present we only have
an S-matrix for the case a, = 1, the conventional dual resonance model. The possi-
bility remains open of constructing an S-matrix for different values of a,,.

We would like to thank Korkut Bardakgi for helpful discussions especially with
regard to quantization on light-like surfaces. We have also enjoyed stimulating dis-
cusssions with Sergio Fubini and members of the Theoretical Study Division at
CERN. We thank Daniele Amati and David Olive for critically reading the manu-
script.
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Appendix A

In this appendix we would like to describe a method for treating the variational
problem in terms of the phase space variables x#, p#, rather than in terms of x¥,
X # * The action can be written simply

S=[dodrx - P. (A1)

However, we cannot vary x and p independently because of the phase space con-
straints (21). We, therefore, introduce two Lagrange multipliers A, A5, define

”2
= ;. 1 X 1 .
§'= [do dr [ P—27\1(P2+(2ﬂ)2) I x- Pl (A2)

and require S’ to be stationary under independent variations of x, p, A and A,.
Varying A; and A, we get the constraints

2

p2+X_ =p, (A.3)

(2m)?
x'-P=0. (A4)

Varying Pwe obtain
xH -\ PH -3 >\2x'“ =0. (A.5)
Finally varying x, we obtain
A

O (L A_9 (i -

Y ((2n)2 x) %0 (2 " P) -0 (A0)
A

1
(2m?

A, and A, are determined by substituting P as determined from (A.5) into (A.3)
and (A.4). On doing this, one finds (A.5) and (A.6) become

x"+31,P=0, at the ends;

_ALG XD

p= ox ’

a aL , 0 oL _
a’r§+60 ax’_o’
—a—£,=0 at the ends,
0x

in agreement with (9a) and (9b).

* We thank K. Johnson for an instructive conversation on this formulation of the variational
problem.
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One virtue of formulating the variational problem this way is that we can impose
our particular parametrization choice (22) before finding the stationary points of
S'. Substituting, we find

27 P + ”
S'=fdr do[2(PT +P 1) P—**—:‘%N (K p- _ p2_ 5__)
T1 0 L n (27T)2
P+
—%- P-3], (x'_T—x' Pl . (A7)

Requiring that " be stationary under arbitrary small variation in P*(7), x~(0,7),
P~ (o, 1), x(0, 7), P(0, 7), A\; and A,, it is straightforward algebra to verify the
equations

P*=0, X =27P, X_=2nP,
P 2P 2

—x_=x'-P, I PT=pl+t

T T (27T)

¥-x"=0, x'=0, at o=0,7,

in agreement with our previous results (23) and (25).
Going over to the Hamiltonian formalism from (A.2) we find a Hamiltonian

H =fdo [%N ;(PZ + (;:)2) + L P] (A.8)

where A; and A, are arbitrary. Following Dirac [11] one then takes canocical
Poisson brackets

{x#(0), P" (¢') }=g"6(0 - 0), (A.9)
and imposes the constraints
12
P2+(x =0, xP=0, (A.10)
27)

only after finding Hamilton’s equations of motion
= (xhH), Pr={PEHT

The equations of motion depend, of course, on the arbitrary functions A; and A,
reflecting the fact that there are many functions x*(o, 7) representing the same
state of motion of the system. If one eliminates A; and A, using (A.10) one returns
to the equations of motion (9a).

Dirac’s quantization prescription is somewhat different from the one we de-
scribed in the text, egs. (44) and (50). He would impose the canonical commutation
relations (40) and would require on physical states the phase-space constraints (A.10)
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x'?

Wy=a W l,), (W x'-Ply r=0.
271)2) 2 o Y172 1 2

<w1|(P2 +

His equations of motion would still involve the arbitrary quantities A; and A,. By
choosing the Hamiltonian.to be L, we have restricted ourselves to those particular
solutions for which A, =0 and A; = 1. These two restrictions enforce the ortho-
normality conditions (15) in the weak sense of Dirac.

Appendix B

In this appendix we shall verify some equations quoted in the text. We turn
first to eq. (46). It is easiest to verify that the normal modes transform correctly
(45). The demonstration is straightforward and we shall illustrate the procedure by
considering the case where only M'" is non-zero. Then

M=M*M" (B.1)
M= is given by eq. (37):

. - i
SR iyyl Gl _n
MR e e W g ®2)
° 0naéO
Computing:
= imdad —tn5”6 L_
{Mhaj}azla L, lglinl_z f-m ~—n
RV AL s "
n#0
1 s m ; im |
_siy_m 1 mer +200 4 ]
T a e o g
From (45)
+ = a4 q .
iy B (S Bt G
e ne—w N vz
° n#0
ie.,
i = j
8a =e¢{Mad }. (B.3)
Again
i l\/ﬁ ailajn
l]— -
(M=, q. }=—qL— + 87, > oy

at n=—o
n+0
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whereas
J i
—-n - q i
5ql=¢ M*q —i—(\/— > . —zq’oafo) :
) n=—e
n#0
so we have
6qg =€ {M,q{; }. (B.4)
From (B.3) and (B.4) it follows that
§x/(o,1) =€ (M, x/(0,7)}. (B.5)
;. 1 im 1 1
M-, L Y=d — L +—=4q L
{ m m a:; o \/i o 4+ *m

a’ n=-c n
n+0
oo 1
simg Ly gy m 5y bt
2q0_+ m + 0 m + n ’
a a d. n=—o
0 (o] )
. n#0
!
i 1 24
M, —}=——, (B.6)
+ a+2
aO o
$O
‘ql = g 4
{M,ﬁ -y imto . m m—n"n
. a, N . )
a aO n=—oo
n#0
whereas
oo - 1
i+ a . a
8a_=e|:—i”—m E(mnn— qi)a;l)] ,
aZ n=—oo n \/2
n#0
80 again
ba, =¢{Ma,}. (B.7)

Finally, we compute

oo i
_ l\/j anL—n
{M',qo}-—quL ~r =
o

n+0
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as compared to
;

. < g a
- i = n .
bq, =7TMI+(\/52 nn _lqéao)’
ao N=—oo
n+0

which verifies

5‘1(::6{11’1,615}- (B.8)
(B.8) and (B.7) imply

§x (o, 1)=e {M x"(0,7)}. (B.9)
Finally that

sxto,n)=e {Mx"(, 1}, (B.10)

is readily verified. Thus, we have proved (46) when only M** # 0. The other cases
are in fact much easier, so we leave it for the reader to complete the proof of (46).
Finally, we must prove eq. (58). The quantum mechanical expression for M~
is given in (56b). The proof is rather tedious and most of the algebra has been done
in our previous paper [8]. The main difficulty comes in working out the commuta-
tor.
[i al—n Ln B L—naiz ’ i a]—m Lm B Lma]m] . (B.11)
n=1

n m=1 m

If we remove the zero modes from [ writing

A#0,  L,=L, +}d

anLn-’-ao'a 0"

n

Then in ref. [8] we worked out the commutator

~ ~

(£ T 5 Ll L]
n=1 n , m=1 m

~ 3 a'_nai’ - j—n iz — P i
=-2(L, - 5 (D-2) 2 — R (D-2) 1) Ll - d )

n=1 n=1 (B.12)

We shall not prove this formula again, but only remark that the terms with factors
3 (D—2) and 55 (D-2) —1 come from the fact that when one performs the commu-
tator the result has terms which would cancel each other except for the ordering of
factors. One then uses the commutation relations to arrange the factors in the same
order so they cancel leaving only the contributions from the commutators. The cal-
culation is tedious because one must separate the positive modes from the negative
modes as in (B.12) to make sure we keep factors normal ordered throughout. Other-
wise one can easily add and subtract infinities and get the wrong result. Using (B.12)
it is then only straightforward algebra to verify eq. (58).
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