
1 PHYS230A Problem Set 4 Solutions

1.1 Problem 1

a) We need to evaluate

: e1 · Ẋ(y1)e
ik1·X(y1) :: e2 · Ẋ(y2)e

ik2·X(y2) :: eik3·X(y3) : (1.1)

where I mean by : the open string normal ordering. We use the following computed forms

for the contractions,

ei · (Ẋi, e
j) = −2iα′

ei · kj
yij

(1.2)

(e1 · Ẋ1, e2 · Ẋ2) = e1 · e2(−2α′)
1

y212
(1.3)

Where I have defined: X(yi) = Xi, e
ikj ·X(yj) = ej, and yij = (yi − yj).

The relevant parts of the OPE become,

(e1 · e2)(−2α′)
1

y212
+ (2iα′)2

(
−(e1 · k2)(e2 · k1)

y12y12
+

(e1 · k2)(e2 · k3)
y12y23

− (e1 · k3)(e2 · k1)
y13y12

+
(e1 · k3)(e2 · k3)

y13y23

)
(1.4)

Using the conservation of momentum, k1 + k2 + k3 = 0 and ei · ki = 0 we simplify the above

expression.

(e1 · e2)(−2α′)
1

y212
+ (2iα′)2(e1 · k2)(e2 · k1)

(
− 1

y12y12
− 1

y12y23
+

1

y13y12
+

1

y13y23

)
(1.5)

= (e1 · e2)(−2α′)
1

y212
+

(2iα′)2(e1 · k2)(e2 · k1)
y212

(
−1− y12

y23
+
y12
y13

+
y212
y13y23

)
(1.6)

= (e1 · e2)(−2α′)
1

y212
+

(2iα′)2(e1 · k2)(e2 · k1)
y212

(
−1 + (y23 − y13)

y12
y23y13

+
y212
y13y23

)
(1.7)

= (e1 · e2)(−2α′)
1

y212
+

(2iα′)2(e1 · k2)(e2 · k1)
y212

(
−1− y212

y23y13
+

y212
y13y23

)
(1.8)

= (e1 · e2)(−2α′)
1

y212
− (2iα′)2(e1 · k2)(e2 · k1)

y212
(1.9)

=
−2α′

y212
[(e1 · e2)− 2α′(e1 · k2)(e2 · k1)] (1.10)

The other cyclic order produces the same factor. Next we need to add the other amplitude

factors. There is the delta function, (2π)DδD(
∑
k) and the Jacobian |y12y13y23|. Also the



constant factors: ( −igo√
2α′ )

2 from the massless vectors, (go) for the tachyon, and the overall factor

( i
α′g2o

). Also, there is the amplitude from the exponentials
∏
|yij|2α

′ki·kj = |y12||y23|−1|y13|−1.

Putting everything together we obtain,

2igo
α′

(2π)DδD(
∑

k) [(e1 · e2)− 2α′(e1 · k2)(e2 · k1)] (1.11)

To include the Chan-Paton factor we multiply by 1
2
Tr[λa[λb, λc]] to get,

igo
α′

(2π)DδD(
∑

k) [(e1 · e2)− 2α′(e1 · k2)(e2 · k1)]Tr[λa[λb, λc]] (1.12)

b) From the form of the amplitude we make a guess and proceed to verify it. We guess

the lagrangian,

L = Tr

(
−1

2
DµφD

µφ+
1

2α′
φ2 − 1

4
F 2 + goF

2φ

)
(1.13)

Expanding the interaction term,

Tr[goF
2φ] = goF

a
µνF

b µνφcTr[λaλbλc] (1.14)

=
1

2
goF

a
µνF

b µνφcTr[{λa, λb}λc] (1.15)

= go(∂µA
a
ν∂

µAb ν − ∂µAaν∂νAb µ + ...)Tr[{λa, λb}λc] (1.16)

Where the ... corresponds to terms that are not of interest and arise from the form of maxwell

stress tensor, F = dA+ [A,A]. Labeling momenta of the photons as k1, k2 and working with

the convention that all momenta are ingoing we obtain the vertex factor,

2igo((k1 · k2)(e1 · e2)− (k1 · e2)(k2 · e1))Tr[{λa, λb}λc] (1.17)

=
igo
α′

((e1 · e2)− 2α′(k1 · e2)(k2 · e1))Tr[{λa, λb}λc] (1.18)

where the initial factor of 2 comes from permuting the legs of the diagram. Also we have

used k1 · k2 = 1
2α′ from before. This is the required form that matches the previous result.
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