1 PHYS230A Problem Set 6 Solutions

1.1 Problem 1
a) We consider the action,
S = /deaL =— [ drdo (0, X0, X — 0,X0,X) (1.1)

and plug in the solution
X(r,0) = z(1) + wRo

The action becomes,

S = 4;@ drdo (i() — (wR)?) (1.2)
The Hamiltonian is given by,
H— / dor( —x _ (1.3)
4m do (% + (wR)?) (1.4)
= o (# 4+ (wR)) (1.5

Writing this in terms of the conjugate momentum,

oL
p= /daa—x—x/a

1 ,  (wR)?
Now due to the periodicity of the field, X ~ X + 27 R with the coordinate, o ~ o + 27, the

momentum becomes quantized. Explicitly this is,

we obtain,

¢ ] —s p= % (1.7)
The spectrum is then ) ,
H= % (a’% + (wj) ) (1.8)
Now to show that this is the zero mode of the sum Lg + io. We first express X in lorentzian
time,
= L n(:3), 0= —n(3) (1.9)
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The virasoro generators are then,

_ s 2
— /sz 1 0,X0.X : 1 (z + wR)

L — 2 gX gX::— r — 2
0~ 2#222 $0:X0 40/(31j wh)

Now let’s write this as the Hamiltonian,

H— Lyt @y 41I((x—|—wR) (i — wR)?)

= % (24 + 2w’ R?)

1
1 n®* (wR)?
_§<O‘/ﬁ+ o )

Which is identical to (1.8) as required.

b) Consider the system with two-dimensions, X2, The coordinates satisfy,
X'~ Xt 27 Rymy + 2 Rymy, X2 ~ X2 4+ 27 Rymy
We begin by finding the quantized momenta using,

1 = exp (2mi(Rimy + Ryma)py + 271 Ramaps)
= exXp (271'2 (p1R1m1 + mg(le/Z + pQRQ)))

n1 n2 _ n Ry
Thus we pick p; = and P2=5 R

Because of the periodicity on the X’s we write,
X' =2,(7) + wiRi0 +wyRyo, X? = x5(7) + waRyo

The action becomes,

1
4o

S =

drdo (LU? + x% — (w1R1 —+ wQR/2>2 — (w2R2)2)
As before, we obtain the hamiltonian,

(o/2pf + a”p3 + (w Ry + wyRY)? + (w2R2)2)

2 R! 2
(0/2% + 0 (% N Zzl R2> + (w1 Ry + waRY)? + (w2R2)2>
1 2 2411
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Now we turn to computing Lo 4+ Lo. Since the steps are just as before, we can guess the

forms of the generators to be,

1 1
Ly = 1o (O/p1 +w Ry + sz’z)2 + o (0/272 + w2R2)2 = o ((a pL) + (O/p%) ) (1.22)

~ 1 2 1 2 1
Lo= 1 (@'pr — (wiRi + w2 ly))” + 4—0/(04'p2 —wpll)" = — ((a'pr)? + ('PR)?) (1.23)

Adding those two terms we obtain,

~ 1
Lg -+ LO = 4—0/ ((o/pl + wlRl + ’LUQR/2)2 + (CY/pl — (wlRl + szIQ))Q + (O.//p2 + ’LU2R2)2 + (Oé/pg — UJ2R2)2)
(1.24)

Which after canceling the cross terms is identical to eqn (1.20) as required.

¢) In this part we include the background field Bjy. This appears in the action as,

1 1
Sp = drdoe™ B0, Xm0, X™ = drdo2B(0, X0, X* — 0,X'0.X?)
Ao/ dmal
(1.25)
1
Loy drdo? (.fleBlQRQ — I'QBu(wlRl —+ U)QR/2>) (].26)
The momenta get an extra contribution from this extra term,
i B1sR
py = L4 D2 (1.27)
o «
i R R
P2 = @ — B, —|—/w2 : (1.28)
o o
With the same quantization as above. The hamiltonian in this case becomes,
2 BoR R R/ -2 -2 R R/ 2 R 2
H:ﬂ+¢1M+ﬁ_meM_ﬂ_& (wifty +walt)” | (walts)
o o o 2o/ 20/ 20/ 2a/
B ($1w231232 - iQB/lz(wlfﬁ + wyRY)) (1.29)
o
2 2 /2 2
&7 15 (wi Ry + waRY) (waRy)
— 1, 72 1.
2o/ + 2a/ + 2a/ + 2a/ (1.30)
1
= 2—0/ ((Oé/pl — wgBlgR2)2 —+ (Cvlpz + 312(w1R1 + ng/Q))z + (w1R1 + w2R/2)2 -+ (w2R2)2)
(1.31)
In terms of the quantized momenta this is,
He (0™ Bk + (0 (22 = M Bty Ry 4 wal) + (wiRa + waR)) + (walta)’
20 R, Ry, RyRy
(1.32)



As for the virasoro generators, we just have to modify the expressions in eqns (1.22, 1.23)

by adding the Bjs contribution as in H,

1
L() = H (o/p1 — U)QBlQRQ + w1R1 + w2Rl2)2 -+ H (Oé,pg + 312<w1R1 + U}QRIQ) + w2R2)2
(1.33)
1
= 1o ((a'pp)? + (a'p})?) (1.34)
- 1 1
Lo = 4—0/ (O/pl — wgBlgRg — (w1R1 + w2R/2))2 + 4—0/ (Oé/pg + Blz('w1R1 + UJQR,Q) — w2R2)2
(1.35)
1
= 1 ((@'pR)* + ('1})?) (1.36)

And it is clear that H = Ly + [~/0 since the only modification here is that p; — p; + Bia(...).
d) We begin by listing the left and right moving momenta,

ny wgBlng (wlRl + wZRIQ)

1
PrL = R o + o (1.37)
n1 weBiaRe  (wiRy + weRY)
PR = B o ~ (1.38)
5 (n2 R, (iR +waRRy)  waRy
rL = (R2 RgRl) + B2 0/ + o (1.39)
2 _ (N2 ny 1 (w1 Ry + waRY) B wa Ry
Pr= (RQ RQRl) bra o/ o/ (1.40)
(1.41)
From the mass shell conditions (Lo — 1) = (Ly — 1) = 0, we obtain,
1
0=m?*= = ((a'p1)” + (@'PL)?) + (N = 1) (1.42)
1 .
0=m* == ((a'pr)” + (a'PR)") + (N = 1) (1.43)

We are looking for 12 massless gauge bosons. We expect that they split into two groups
satisfying N = 1, N = 0 and N = 0,N = 1. As given in the hint of the problem, the
eigenvalues are expected to sit on the root lattice of SU(3), which is hexagonal. The sym-
metry of this lattice requires the space lattice to also by symmetric: we pick Ri, Rs, and
R/, that correspond to making the space lattice a rhombus. This corresponds to Ry = Vo,
Ry = (v/3/2)V/, and R, = v/o//2. This over all scale is a special one and thus picked. In
doing this, one finds that in order to find solutions, the background field, Bj,, must be set



as Big =1/ v/3. Under these choices the momenta become,

1
L= —(m+w) (1.44)
1
PR = J(nl — Wy — wy) (1.45)
1
2
= —n1 + wy + 2n9 + 2w 1.46
pr \/g\/a( 1 1 2 2) ( )
1
2
= —n1 +wy; +2ne —w 1.47
pR \/3\/&( 1 1 2 2) ( )
(1.48)

Considering the case where N = 1, N = 0, we find that the momenta must satisfy,
(p1)* + (p)* =0 (1.49)
4
(PR)* + R)* = — (1.50)

Thus these states correspond to pt, = 0 and the pﬂé correspond to the 6 off-center points on

the root lattice.These correspond to,

Vol (ph,p%) ~ (nl,wl,n2,w2) (1.51)
(2,0), (1,—1,1,0) (1.52)
(—2,0), (=1,1,-1,0) (1.53)
(1,V3), (0,0,1,-1) (1.54)
(1,—V3), (1,—1,-1,1) (1.55)
(—1,V/3), (-=1,1,1,-1) (1.56)
(-1, —V3) (0,0,—1,-1) (1.57)
And for the other case we have,
\/J(pi,p%) ~ (nl,wl,n2,w2) (1.58)
(2,0), (1,1,0,0) (1.59)
(—2,0), (—=1,-1,0,0) (1.60)
(1,V3), (1,0,1,1) (1.61)
(1,—V3), (0,1,-1,-1) (1.62)
(—1,V/3), (0,—1,1,1) (1.63)
(—1,—V3) (—1,0,—1,—1) (1.64)

These are the 12 massless gauge bosons as required.



