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Quantum Zeno effect and the many-body entanglement transition
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We introduce and explore a one-dimensional “hybrid” quantum circuit model consisting of both unitary gates
and projective measurements. While the unitary gates are drawn from a random distribution and act uniformly
in the circuit, the measurements are made at random positions and times throughout the system. By varying the
measurement rate we can tune between the volume law entangled phase for the random unitary circuit model
(no measurements) and a “quantum Zeno phase” where strong measurements suppress the entanglement growth
to saturate in an area law. Extensive numerical simulations of the quantum trajectories of the many-particle
wave functions (exploiting Clifford circuitry to access systems up to 512 qubits) provide evidence for a stable
“weak measurement phase” that exhibits volume-law entanglement entropy, with a coefficient decreasing with
increasing measurement rate. We also present evidence for a continuous quantum dynamical phase transition
between the “weak measurement phase” and the “quantum Zeno phase,” driven by a competition between the
entangling tendencies of unitary evolution and the disentangling tendencies of projective measurements. Detailed
steady-state and dynamic critical properties of this quantum entanglement transition are accessed.
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I. INTRODUCTION

Entanglement provides a convenient characterization for
both stationary states and unitary dynamics of quantum sys-
tems, especially those with no symmetry. For many-body
systems, the entanglement entropy is useful in classifying
both ground and excited states [1-7]. Entanglement dynamics
under unitary time evolution in a driven system or after a
quench also exhibits universal behavior. From an unentan-
gled state, the entanglement entropy grows linearly in time,
saturating with a volume law. For integrable systems the
emission of entangled pairs of quasiparticles [8,9] offers a
convenient picture, but chaotic systems also exhibit similar
entanglement growth [10,11], as illustrated in random unitary
circuit models [12-14].

Quantum systems subjected to both (continuous) measure-
ments and unitary dynamics offer another class of quantum
dynamical behavior, described in terms of “quantum trajec-
tories,” and well explored in the context of few qubit sys-
tems [15], quantum spin systems [16], and trapped ultracold
atoms [17,18]. With strong and continuous measurements the
state vector can become localized in the Hilbert space, an
example of a quantum Zeno effect [19]. While the related
quantum dynamics has been explored in many-body “open”
systems [20], which focus on the mixed state density matrix
and can be described by Lindblad equations, this formalism
does not offer access to quantum entanglement. Very recently
in Ref. [21], the entanglement dynamics of quantum state tra-
jectories have been explored for (an integrable) model of non-
interacting fermions subjected to continuous measurements of
local occupancy, performed at a constant rate throughout the
system. Remarkably, authors of Ref. [21] conclude that the
late time entanglement entropy growth saturates to an area
law for arbitrarily weak measurement. A “weak measurement
phase” with volume law entanglement is not present.
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In this work we explore the many-body dynamics of a
“hybrid” one-dimensional quantum circuit model consisting
of both (projective) measurements and unitary gates, depicted
in Fig. 1. The dynamics of quantum entanglement can be
accessed by following quantum trajectories of the many-body
wave functions. We primarily focus on circuits that consist of
measurements that are made at random positions and times
throughout the system and have unitary gates, chosen from a
random distribution, that act uniformly in the circuit. While
being a discrete-time generalization of the model in Ref. [21],
this model is nonintegrable. By varying the measurement rate
we can tune between the volume law entangled phase for
the random unitary circuit model (no measurements) [13,14]
and a strong measurement “quantum Zeno regime” where
entanglement growth is suppressed, saturating in an area
law. We analyze the quantum trajectories numerically both
for random Haar and random Clifford unitaries, which are
minimal models describing chaotic nonintegrable systems. In
the latter case, by restricting measurements to the Pauli group,
we can access the long-time quantum dynamics of very large
systems, up to 512 qubits. Our numerics supports several
striking conclusions.

First, we find that volume law entanglement of the random
unitary model survives “weak” measurements but with the
coefficient of the volume law decreasing with increasing
measurement strength—a stable “weak measurement phase.”
The absence of this phase in the integrable model of Ref. [21]
is perhaps due to the effectiveness of (local) measurements
in removing long-ranged entanglement from their highly sus-
ceptible EPR pairs. In contrast, the entanglement in chaotic
systems is encoded in the sign structure of the (essentially)
random wave function [22], evidently less disturbed by mea-
surement.

Secondly, we present numerical evidence that upon
increasing the rate of the measurement p, this “weak

©2018 American Physical Society
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FIG. 1. The structure of the hybrid circuit model. In this paper
we will focus on 1D circuits with nearest neighbor gates. Each site
has a spin-1/2 degree of freedom, and each block represents a gate
operation on two qubits. See main text for details.

measurement phase” with volume-law entanglement under-
goes a continuous dynamical quantum phase transition into
an area-law entangled “quantum Zeno phase.” While we do
not have analytic access to this transition, our data can be
collapsed into a standard finite-size scaling form: The entan-
glement entropy, Sa(p, L 1), with subsystem size L 4 and p —
p. the deviation of the measurement rate from criticality, fits
aform Sa(p, La) = LZF((p — pE)LL/”), with scaling func-
tion F. Right at criticality, p = p., the entanglement grows
with system size as a sublinear power law, Ss(p., La) ~ L%,
with y = 1/3 intermediate between volume and area law
scaling. Moreover, we investigate the entanglement entropy
dynamics starting from an initial product state with no entan-
glement. We find that when p = p, the entanglement grows
as a sublinear power law in time.

The rest of this article is organized as follows. In Sec. I,
we define the circuit model. In Sec. III, we discuss dynamics
of the entanglement entropy and provide numerical evidence
for the entanglement transition. We conclude with discussions
in Sec. V.

II. THE CIRCUIT MODEL

We consider a setup with one-dimensional geometry,
where the qubits are arranged on a chain of L sites, with
one qubit on each site. The dynamics of the system is gov-
erned by the quantum circuit with “brick-layer” structure, see
Fig. 1. The circuit is composed of quantum gates on pairs of
neighboring qubits, whose pattern of arrangement is periodic
in the time direction. Each discrete time period of the circuit
contains two layers, and each layer has L/2 gates, acting on
all the odd links in the first layer and all the even links in the
second. Throughout the paper we will assume open boundary
conditions on the circuit.

In Fig. 1, we take each block to represent a gate operation.
There are two different types of gates, as labeled by different
colors. Each gray block represents one unitary gate (denoted

U) and acts on the states as

V) — Uly), )

while each blue block represents a “unitary-projective” gate,
which performs a projective measurement before the unitary
(which we denote U P) and acts on the state in the following
fashion,

W) - U PolYr) ’ )

I Pel )l

where {P,} is a complete, mutually exclusive set of pro-
jectors, for which P, Pg = 8qsPy and ), P, = 1. The out-
come o happens at a probability given by Born’s rule, p, =
(V| Py|tr). We need not specify the ordering of the gates
within each layer since they commute with one another. No-
tice that the unitary transformation U can be chosen to be con-
ditioned on the outcome of the measurement ¢, which is ap-
propriate for the binding of symmetric Posner molecules [23]
and plays a prominent role in the quantum brain scenario
[24-26]. In that context, a similar circuit for quantum
information processing in the Posner model appeared in
Ref. [27], where unitaries conditioned on the measurement
outcomes are utilized in preparing resource states for universal
measurement-based quantum computation.

In Fig. 1, we draw the circuit in such a way that the oc-
currences of the unitary-projective gates in space and time are
random. For concreteness, we focus on the simple situation
in which we independently choose each gate to be a U P gate
with probability p and a U gate with probability 1 — p. In
the limit p — 0, no projections are made in the circuit, and it
reduces to a unitary circuit. In the limit p — 1, a projective
measurement is made before all of the unitaries.

When simulating these circuit models, we will primarily
follow the evolution of a pure state wave function, as in
Egs. (1) and (2)—that is, a quantum trajectory. Alternatively,
these quantum circuit models can be studied in terms of
quantum channels [28], by keeping track of the mixed state
due to projections, rather than pure states given by different
instances of the measurement outcomes individually. Gen-
erally, a quantum channel is a trace-preserving, completely
positive map that takes one density matrix to another. It has
the operator-sum representation,

m—1

p—Elpl =) M,pM}], 3)
a=0
where {M,} are Kraus operators which satisfy the condition,
m—1
> MM, =1. )
a=0

In our case, we will take p to be the density matrix of the
system involving all measurement outcomes and the Kraus
operators to be M, = UP,.

Using the notation introduced above, the time evolution of
the density matrix as governed by the quantum circuit in Fig. 1
is given by

t—1
p(t) = (]'[ 6(/)) [p(0)], (5)

t'=0
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where p(t) is the density matrix of the L-qubit system at time
t, and
£y = l_[i odd 8,‘_,‘+1(l‘), lfl i.S odd, ©)
[T; even Eisi+1(2), if ¢ is even.
Each &; ;11 (¢) stands for a quantum channel acting locally on
the pair of neighboring qubits (i, i 4 1) at time ¢.

We are interested in computing the discrete time quantum
dynamics of these “hybrid” unitary/projective circuits. Specif-
ically, to characterize this dynamics, we will compute both
thermal and entanglement entropies. The thermal entropy is
extracted from the (evolving mixed state) density matrix,

Sin (1) = 52(0(1)), (7

where the overline denotes an average over all realizations of
the random unitaries. The entanglement entropy is defined for
the pure state quantum trajectories, |y (¢)), using the usual
bipartition (A, B) of the system, where A is the subsystem
of qubits {1,2, ..., L4},

Sa(La,t) =52(pa()), pa(t) =Trg| @)Y (@)]. (8)

The double overline denotes an average over all realizations
of the random unitaries and over all possible positions and
outcomes of the projective measurements. Here, s, denotes
the second Renyi entropy, defined for any density matrix
(including p and the reduced density matrix py4),

52(p) = —log, Trp”. ©)

Since the entanglement entropy will depend (very weakly) on
the particular quantum trajectory that follows from a set of
measurement results, we will perform an average over many
different “runs” through the circuit, averaging s,(p4 ) over the
ensemble of trajectories.

A. Model specifications

The behavior of the circuit model is entirely determined
by the U, P gates and the rate of measurement p. For
concreteness, in this paper we focus on two sets of P gates
on neighboring pairs of qubits.

(1) The first is a set of four rank-1 measurements,

Py = 11111, (10)
Py = ML (1
Py = L)1, (12)
PP = L0 (13)

These can be effected by measuring both Z; and Z, opera-
tors on the two qubits and have the convenient representa-
tion P, = (1 4+ (=1)*Z))(1 + (=1)"Z,)/4. After one such
measurement, the two qubits are in a product state and are
completely disentangled from the other qubits.

Circuits with this set of rank-1 projectors can be considered
as minimal discrete-time generalizations of the continuous
monitoring model studied in Ref. [21], in which rank-1 onsite
measurements of a 1D fermion chain are performed contin-
uously in time at a constant rate. However, there are also

important differences between these two models. While the
quantum trajectory of the fermion model is described by
a stochastic Schrodinger equation, in the circuit model the
quantum trajectory is discontinuous and has no straightfor-
ward description in terms of differential equations. Moreover,
the model in Ref. [21] is integrable, and the entanglement en-
tropy presumably comes from spatially separated EPR pairs,
which are very susceptible to local measurements. Indeed,
the entanglement was found to saturate to an area law for
any nonzero measurement rate. In contrast, the time evolution
of the circuit models is in general nonintegrable and does
not have an obvious quasiparticle description. Thus, the en-
tanglement dynamics can be quite different from that of an
integrable model.

(2) Another set consists of two rank-2 measurements,
taken to be a sum of the projectors in the previous set,

P& =111+ LW AL (14)
PO = MM+ )AL (15)

These projectors represent the measurement of the operator
Z1Z, and can be written as P, = (1 4+ (—1)*Z,Z,)/2. Since
this set of measurements has rank-2, leaving some space
for entanglement, they are expected to be less effective in
suppressing the entanglement entropy. Indeed, if one starts
with a random Page state [6], after a row of L/2 {P®)
projections in the p =1 limit, the state still has volume
law entanglement, since it is a random Page state in 2%/2
dimensions. For this reason, the interplay between { P} and
unitary time evolution is more delicate.

For the local unitary gates that may or may not follow a
projective measurement, we will consider the following two
cases:

(A) All the unitaries, regardless of whether there is a
preceding measurement and of the measurement outcome, are
taken independently of each other from the Haar measure on
U(4), that is the circular unitary ensemble (CUE) [29,30].
Since random Haar unitaries are quite generic, and can rep-
resent a large class of many-body chaotic models with local
interaction [13,14], we expect our result for this model to be
generic.

(B) All the unitaries, regardless of whether there is a
preceding measurement and of the measurement outcome, are
taken independently from the uniform distribution over the
2-qubit Clifford group [31], the latter being a finite group
generated by the following unitaries,

1
CNOT, = 5 (14 Z1) + (1 = Z)Xa, (16)
CNOT; = %(1 +Z)+ (1 = Z)X,, (17)
H—L(X+Z)—i(‘ 1) (18)
- ﬁ - ﬁ 1 -1
p=ﬁ=<(1) ?) (19)

This model is very similar to the random Haar circuit, except
that the Clifford unitaries can be simulated efficiently and
thus scaled up to large system sizes [31,32]. In fact, random
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TABLE I. Summary of models considered in this paper.

Model Projectors Unitaries Rate of measurement p Section
Al (PY, a,bef{0,1) U = Haar p=1 A
A2 {PP?), a €{0.1} U = Haar p=1 A
Bl (P}, a,b€{0,1} U = Clifford 0<p<l 1B
B2 (PP}, a €0, 1) U = Clifford 0<p<1 1B

Clifford unitaries approximate the Haar random unitaries
quite well, being known as a unitary 2-design [33]. Moreover,
in the absence of any projective measurements, both the
random Haar and random Clifford unitary circuits generate
(maximal) volume law entanglement entropy [13].

In Table I, we summarize the four models that we will
study, including their corresponding sections.

III. QUANTUM DYNAMICS OF HYBRID CIRCUITS

In this section, we explore the quantum dynamical behav-
ior of the entanglement entropy for the four circuit models
defined in the table in Sec. II. While the entanglement and
operator dynamics in unitary Haar random circuits with p = 0
has an emergent hydrodynamic description [13,14], we have
not identified an analytic approach for nonzero p and will
resort to numerics.

A. The quantum Zeno phase

Here we focus on the strong measurement limit p =1,
that is models Al and A2, in order to identify a ‘“Zeno
phase” in which the entanglement entropy saturates to an
area law. Despite their differences, we expect (and find) that
models Al and A2 have qualitatively similar behaviors, which
are presumably generic to other chaotic systems with strong
measurements.

We implement numerical simulations of the quantum tra-
jectories with system sizes up to L = 16. For concreteness, we
fix the initial state to be a product state with no entanglement,

|
[Yo) = —(]0) 4 [1)). (20)
® 7

We sample the unitary gates from a uniform Haar measure
over the 2-qubit unitary group and follow the quantum trajec-
tory by recording the wave function. We keep evolving the
system until the entanglement entropy saturates. For system
sizes under consideration, we take the maximal duration of
time to be = 2 x 10%. We compute and average the entan-
glement entropy over an ensemble of 10? samples.

The results for S4(L4,t — 00) versus L, are shown in
Fig. 2(a) for Al and Fig. 2(b) for A2. From this data we can
confidently conclude that the entanglement entropy saturates
to an area law for sufficiently strong measurements in both
models. This behavior is particularly easy to understand for
model Al, where the measurements in a given time step
project the qubits into a product state in the local Z basis. The
subsequent unitary transformations can only generate O(1)
entanglement between the two qubits upon which they act.
In the next time step, this weakly entangled state is again

projected onto a product state. Thus, the entanglement is at
most O(1) at all times for model A1—the area law will clearly
persist in the thermodynamic limit. We say that the system is
in a “Zeno phase,” in which the strong measurements have
suppressed the entanglement, giving an area law.

The results for S4(L/2,t — oo) versus L are shown in
Fig. 2(c) for A1 and Fig. 2(d) for A2. While the data for model
Al is clearly consistent with an area law, there is a stronger
system size dependence of the entanglement entropy in model
A2. This difference is because the {P®)} projectors are less
effective in suppressing the entanglement entropy than the
{P} projectors and sometimes even generate entanglement.
But the magnitude of the entanglement entropy is small (S4 <
1) for system size up to 16 in both models, suggesting an area
law scaling behavior.

In Figs. 2(e) and 2(f) we present results for the steady-state
thermal entropy Sp(# — 00) up to system sizes of L = 10,
for models Al and A2, respectively, obtained by computing
the time dependence of the (mixed-state) density matrix, as
described in Sec. II. If we do not condition the unitaries on
the measurement outcomes, we find that the thermal entropy
is extensive in system size and in fact maximal. Thus, the
system has “infinite temperature,” as seen by the measuring
environment. Nevertheless, by means of the successive mea-
surements, the system manages to keeps its different parts
weakly entangled, similar to zero temperature ground states
of quantum many-body Hamiltonians. This striking difference
between the entanglement and the thermal entropies is char-
acteristic of the unitary-projective circuit models.

B. Quantum phase transition

With the area law entanglement when p — 1 established in
Sec. III A and volume law entanglement when p — 0 estab-
lished in Ref. [12], we investigate the intermediate behavior
when p is tuned between these limits. In particular, we are
interested in the possible existence of a critical rate p, > 0,
below which the average entanglement saturates to volume
law.

To access larger system sizes, we turn to model B1 and
B2, for which efficient classical algorithms are possible. We
perform numerical simulations for systems with size L up
to 512 and for a wide range of p € [0, 1]. For conceptual
simplicity we take the initial state to be a product state
stabilized by the following stabilizers [28],

S ={X1, X2, ..., X1}. 1)

The long time steady state is expected to be independent of
the initial state, but not so for the dynamical crossover that we
explore in Sec. III C.
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FIG. 2. Results for model A1 [(a), (c), (e)] and model A2 [(b), (d), (f)]. (a), (b) The averaged steady-state value of the entanglement entropy
for a system of size L = 16 as a function of subsystem size L4, for model A1l (a) and A2 (b), respectively. (a) There is almost no dependence
of S4(L4)on Ly, and this behavior strongly supports the area law of entanglement. (b) The behavior of S4(L 4) for model A2 is also consistent
with an area law. (c), (d) The averaged steady-state entanglement entropy for different system sizes L, while keeping L,/L = 1/2 fixed, for
model Al (c) and A2 (d), respectively. (c) The half-system entanglement goes to a small constant as L increases, again supporting the area
law of entanglement. (d) The half-system entanglement appears to be subextensive in L. (e), (f) The steady state value of thermal entropy as
a function of system size for L up to 10 for Al (e) and A2 (f), respectively. (e) The data points fit well on a straight line with slope 1. (f) The

data points fit well on a straight line with slope 1.

We sample the unitary gates from a uniform distribution
over the 2-qubit Clifford group. Since the projective measure-
ments in Egs. (10)—(15) are from the Pauli group, efficient
simulation is possible on a classical computer, as established
by the Gottesman-Knill theorem [28,31,32]. We follow the
quantum trajectories by keeping track of the stabilizers of
the quantum state at each time step. We note that for such
stabilizer states the Renyi entropies (which are equal for all
the Renyi indices) can be readily computed [12,34,35]. For
system sizes under consideration, the entanglement entropy
has already saturated within the duration of the simulation,
t = 6 x 10%. Since the unitaries and the locations and out-
comes of the projective measurements are all random, we
average the long-time entanglement entropy over an ensemble
of quantum trajectories. Typically we keep 10> members in
the ensemble.

The ensemble averaged steady state values of the entan-
glement entropy Ss(L/4,t — oo) for the models Bl and
B2 are shown in Fig. 3(a) and Fig. 3(b), respectively, where
the subsystem size is L4 = L/4. Here the entropy is plotted
versus system size (on a log-log scale) for different values of
the projection probability p. For both models we find evidence
for a transition at a critical value p = p. (highlighted with
a thick line), with p. = 0.15 for model B1 and p. = 0.68
for model B2. In both figures for p < p., the log S4 — log L
curves saturate to straight lines with slope ~1 for large L,
suggesting a volume law. For p > p., the curves seem to
saturate to a horizontal line with zero slope for increasing L,
i.e., the entanglement entropy is independent of L, suggesting
an area law scaling behavior. There is a rather clear distinction
between the signs of the curvatures on either side of this
putative transition.
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FIG. 3. The averaged entanglement entropy for models B1 and
B2 are shown in panels (a) and (b), respectively, as a function of
system size, for different values of p, on a log-log scale. All the data
is taken with subsystem size L, = L/4. In each figure one curve
is highlighted with a thick line, corresponding to a critical value of
p = P., that separates curves with p < p,. that appear to asymptote
to a straight line with slope =1 at large L (volume law), from the
curves with p > p. which saturate to lines with slope 0 at large L
(area law).

To further probe this phase transition we first replot the
entanglement entropy data versus p (on a semilog scale) for
the different systems sizes in Fig. 4(a) for model B1 and
Fig. 5(a) for model B2, respectively. Then we attempt a data
collapse, fitting to the following standard finite-size scaling
form near the critical point for the steady state entanglement
Sa(p, La),

Sa(p,cL)=LYF((p — po)L'"), (22)

e =16 |4
L=32

. =64

e =128

o [=256

i AV,
0.5} \\ | =512

Sa(L/4) / Ly

-4 -2 0 2 4
(p - po) LA

FIG. 4. Results for model B1, plotted on a semilog scale. In both
panels, we take the subsystem size L, = L /4. (a) The entanglement
entropy as a function of p, for different system sizes. (b) S,/L”
versus (p — p.)LY", for 0.05 < p < 0.3. We find p. =0.15, v =
1.85, y = 0.30 for a best collapse.

where the values of p, are taken from Fig. 3,and ¢ = L4 /L <
1/2 is a finite constant, fixed to be ¢ = 1/4 in our numerics
[36]. Restricting the values of p to be close to criticality,
0.05 < p<0.3 and 0.3 < p < 1.0 for the two cases, we
replot the data as S /L" versus (p — p.)L'/” and choose the
critical exponents y and v to get the best collapse. For model
B1 we find that v = 1.85 and y = 0.30 give the best fit as
shown in Fig. 4(b), while the data collapse for model B2 with
v = 1.75 and y = 0.33 is shown in Fig. 5(b).

The quality of the data collapse, and the closeness of
the critical exponents between the two models, lend strong
support for the existence of a continuous quantum phase tran-
sition. Below p., there is a stable “weak measurement” phase
in which the system saturates to volume law entanglement
entropy. Above p,, the system is in the “strong measurement”
or Zeno phase, where the entanglement entropy saturates to
an area law. Right at the transition the entanglement entropy
is growing with L but subextensive, Sa(p., cL) ~ LY with
y ~ 1/3. Upon approaching the critical point there is a di-
verging correlation length, & ~ |p — p.|™", as deduced from
the finite-size scaling collapse.

Once the critical exponents are known, the behavior of
the scaling function, F(x), at large argument |x| > 1 can be
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FIG. 5. Results for model B2, plotted on a semilog scale. In both
panels, we take the subsystem size L, = L /4. (a) The entanglement
entropy as a function of p, for different system sizes. (b) S,/L”
versus (p — p.)L'Y, for 0.3 < p < 1.0. We find p. =0.68, v =
1.75, y = 0.33 for a best collapse.

deduced by matching on to the volume and area law behaviors
expected in the weak and strong measurement phases on either
side of the transition. To wit, requiring S4 ~ L' for p < p.,
and S, ~ LY for p > p,, dictates the large x behavior of the
scaling functions,

x|V x — —oo0,

F(x)~ {x_w, = 400, (23)

In turn, this implies,
Jim L7Sa(p,cL) ~ |p = pel 7, forp < pe,  (24)
— 00

Jim Sa(p,eL) ~ (p— pe) ", forp > pe. (25)
—00

Notice that the coefficient of the volume law of the entangle-
ment entropy (i.e., the entanglement entropy density) vanishes
continuously upon approaching the critical point (p — p_)
with exponent (1 — y)v & 4/3. As such, the entanglement
entropy density can serve as an “order parameter” for the
“weak measurement phase,” analogous to the magnetization
in an Ising transition nonzero for 7 < T,. On the other hand,
the value of the area law entanglement entropy in the strong
measurement Zeno phase diverges upon approaching the crit-
ical point, with exponent yv ~ 2/3.

0.8
0.6
2
X 04
=2
%
0.2+
0.0t % ‘ ‘ ‘ ‘ ‘ i
0.0 0.2 0.4 0.6 0.8 1.0 1.2
t/L?

FIG. 6. S4L77 versus tL~* (where z = 1) at criticality, p = p,,
in model B1. The entanglement entropy is computed for a subsystem
of size L, = L/4. The dashed line shows the function f(x) ~ x"/?,
where x = L™, which matches the data collapse well as x — 0.

Despite the different set of projectors in models B1 and
B2, their measured critical exponents (both v and y) are very
close to one another, suggesting that they belong to the same
universality class. We also suspect that the choice of Clifford
unitaries is not so important and that Haar random (or other)
unitaries would lead to a transition with the same universal
properties.

C. Critical dynamic scaling

Previously we have been focusing on the steady-state
behavior of the entanglement entropy as t — co. At the
transition, we found S4 ~ L, consistent with the diverging
length scale, £ ~ |p — p.|™" near criticality. By analogy with
conventional dynamical critical phenomena, we expect an as-
sociated diverging time scale, T ~ &%, with dynamic exponent
z, corresponding to critical slowing down. Taking the dynamic
scaling into account, we can generalize the finite size scaling
form to include time,

Sa(p,cL,t) = LYF((p — pc)L"";tL ™), (26)

where we are assuming a initial product state at time r = 0. At
criticality this reduces to,

Sa(pe,cL,t) =LY f(tL™), €2

where f(x) = F(0, x). In Fig. 6, we plot Sx(p¢, L/4,t)L™Y
as a function of L ™%, with z = 1 in model B1. The quality of
the data collapse indicates that dynamic scaling is operative,
with a dynamic critical exponent z & 1. As expected the scal-
ing function f(x — oo) ~ const (see Fig. 6), recovering the
steady-state behavior, S4(p., cL) ~ LY. In the opposite limit,
x =tL7% « 1, the L dependence in Eq. (27) must cancel out,
since the initial growth of entanglement of an unentangled
initial state is strictly local and insensitive to the system
size. Thus, the scaling function must vary as f(x — 0) ~
x"/%, implying sublinear power-law entanglement growth at
criticality, S4(p.,t <« L*) ~ t¥/*. The exponent y/z ~ 1/3
is consistent with the measured scaling function for short
times in Fig. 6.
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In the thermodynamic limit L — oo, Eq. (26) can be re-
expressed as

Sa(p,cL — 00, 1) = t"*G((p — po)t'/™).  (28)

We know that in the p — 0 limit, the entanglement grows
linearly in time before saturating to volume law, and we expect
this to be the case quite generally in the weak measurement
phase with p < p.. This implies that the scaling function
G(y) ~ |y|"”~9 for y = —oo and that

Sa(p < pescL — 00, 1) ~ |p — p|"“ 8, (29)

so that the entanglement velocity vanishes upon approaching
criticality, vg ~ |p — p|"@™"), with an exponent v(z — y) ~
4/3, a signature of critical slowing down. When p is below p,,
the time scale T ~ &7 is finite, and for L4 > vgt, the growth
of entanglement entropy can be divided into three regimes,

e ifr T,
Sa(p < pe, La>» vgt, t)~ Jupt, ifr <<t K1, G0
La, ift>» 1,

where 7, = L4 /vE.

IV. DISCUSSION

In this paper we explored the competition between unitary
time evolution and projective measurements in a 1d quan-
tum circuit with chaotic dynamics. We performed extensive
numerics following the many-body quantum trajectories for
both Haar and Clifford random circuits. Upon varying the
measurement rate, we found that the steady states are either in
the volume law entangled phase (weak measurement) or the
“quantum Zeno phase” with area law entanglement entropy
(strong measurement). For the Clifford circuit we were able to
access a continuous dynamical quantum entanglement transi-
tion separating these two phases. For systems up to 512 qubits,
our data could be collapsed using standard finite size scaling,
allowing critical exponents to be extracted. The transition
exhibited critical slowing down, with a dynamic exponent
given by z ~ 1. This many-body entanglement transition was
driven by a competition between the entangling tendencies
of unitary time evolution and the disentangling tendencies of
projective measurements.

In the past there has been extensive work exploring possi-
ble wave function entanglement entropy transitions [37,38],
the best known example being the many-body localiza-
tion (MBL) transition [39-46]. In the localized phase the
highly excited eigenstates have an area law entanglement
entropy [47-49], while the excited eigenstates in the delo-
calized phase satisfy the eigenstate thermalization hypothesis
with volume law entanglement entropy [50,51]. Quenched

disorder drives the MBL transition, while the area law phase
in our circuit model is driven by strong measurements. More-
over, the critical behavior near the MBL transition is quite
unusual, exhibiting activated scaling upon approaching the
transition from the thermal side with dynamics slowing due
to the Griffiths effect [41,42,52] and the entanglement spreads
sub-ballistically as #!/* [53-55] with the dynamic exponent
z diverging at the critical point [41,42,56-58]. In contrast,
the critical behavior at the measurement driven entanglement
entropy transition in the hybrid unitary/measurement circuit
satisfies conventional dynamic scaling with z & 1, rather than
activated scaling. Moreover, right at the MBL transition the
entanglement entropy is still a volume law [41,42], with the
coefficient of the volume law jumping discontinuously to zero
upon crossing the transition [41,45,59]. In contrast, right at
the measurement driven transition in our hybrid circuit, a
sublinear size scaling of the entanglement entropy is found,
and the coefficient of the volume law entanglement vanishes
continuously upon approaching the transition from the weak
measurement phase.

While our numerics established the existence and crit-
ical properties of a 1d measurement driven entanglement
transition, much work remains. It would be interesting to ex-
plore the dimensionality dependence of the critical properties
and to find an analytic treatment. The sublinear size scaling
of the entanglement entropy right at the transition suggests
that finding a possible dual holographic description could be
intriguing and informative.

Note added: We would like to draw the reader’s attention
to two related parallel works—by Chan, Nandkishore, Pretko,
and Smith [60] and by Skinner, Ruhman, and Nahum [61]—to
appear in the same arXiv posting.
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