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Adaptive quantum circuits, in which unitary operations, measurements, and feedback are used
to steer quantum many-body systems, provide an exciting opportunity to generate new dynamical
steady states. We introduce an adaptive quantum dynamics with continuous symmetry where
unitary operations, measurements, and local unitary feedback are used to drive ordering. In this
setting, we find a pure steady state hosting symmetry-breaking order, which is the ground state of
a gapless, local Hamiltonian. We explore the dynamical properties of the approach to this steady
state. We find that this steady-state order is fragile to perturbations, even those that respect the
continuous symmetry.

I. INTRODUCTION

Characterizing the equilibrium phases and phase tran-
sitions of quantum many-body systems has been a highly
successful program for understanding the important fea-
tures of these systems [1]. However, the ensembles of
states available to quantum systems at thermal equilib-
rium are quite special. Out of equilibrium, the possi-
bilities are much broader and an organizing principle is
lacking.

Random quantum circuits composed of local unitary
operators have proved a valuable model for studying the
dynamics of entanglement and conserved quantities far
from equilibrium [2–6]. More recently, monitored quan-
tum circuits have emerged as a rich setting for exploring
non-equilibrium physics. These quantum circuits may
include projective measurements and classical processing
in addition to local unitary operators. They comprise
a broad family of models that can be as minimally con-
strained as random unitary evolution or as finely specified
as particular quantum algorithms.

Random unitary circuits generally produce a feature-
less ensemble of states. In contrast, monitored quan-
tum circuits can protect an area-law-entangled steady-
state phase from this infinite-temperature “thermalizing”
phase [7–9], or give rise to volume-law-entangled steady
states that do not arise in thermal equilibrium [10]. It
has been found that area-law phases arising in this con-
text can host steady states equivalent to ground states of
gapped Hamiltonians, such as those with broken discrete
symmetries [11] or with discrete topological order [12–
14].

However, these interesting steady-state features are
manifest only in quantities that are nonlinear in the den-
sity matrix. Therefore, unlike ordinary expectation val-
ues that are linear in the density matrix, they cannot
be observed without multiple copies of the same state,
which necessarily requires postselection. This fact, in
combination with the no-cloning theorem [15, 16] and the
generally uncontrollable random outcomes of projective
measurements, makes it exponentially difficult to access
these nonlinear features experimentally.

For special circuit architectures, aspects of this posts-

election problem can be avoided [17–22]. It is also possi-
ble to tackle this postselection with brute force for suffi-
ciently small system sizes [23], but this is not a scalable
solution. Another path – which we take up here – is to
use local unitary feedback conditioned on local measure-
ment results to target a pure state with desired proper-
ties. The resulting dynamics of physical observables thus
takes the form of a local quantum channel. More gener-
ally, feedback could be used to target mixed steady states
of interest. In all of these cases, one can further relax the
second locality constraint and utilize the power of classi-
cal communication to strengthen this approach [24].

Recent literature has explored the possibility of using
such local feedback to target states of interest, and has
studied dynamical absorbing phase transitions that arise
when the strength of the feedback is varied [25–35]. In
these works, the target states have been trivial product
states or area-law-entangled states; they either do not
break a symmetry or break a discrete symmetry. These
states can be related to ground states of gapped Hamilto-
nians with finite-depth unitary circuits. Another body of
work has focused on the preparation of gapped, topolog-
ically ordered states [36–43] and mixed states [44] with
long-range quantum entanglement.

In this work, we explore the possibility of using feed-
back to target a steady state that is the ground state of a
gapless Hamiltonian, with continuous symmetry break-
ing and/or long-range entanglement. We illustrate that
this is possible with a simple example in which a pure
steady state with ferromagnetic order and logarithmic
scaling of the entanglement entropy with subsystem size
can be achieved in the presence of U(1) symmetry.1 How-
ever, we find that the feedback in our model is insuffi-
cient to stabilize the ordered steady state in the pres-
ence of competing single-site Pauli channels, regardless
of whether the Kraus operators for the channel respect
the U(1) symmetry. In this case, we numerically ob-
serve the emergence of short-ranged ferromagnetic corre-
lations, with a correlation length that diverges as the

1
Intriguingly, the manifold of steady states has a higher SU(2)
symmetry, as we discuss further in Sec. III B 1.
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strength of the Pauli channel goes to zero. Viewing
the Pauli channel as “unrecorded” single-site projective
Pauli measurements provides a natural way to unravel
this mixed-state evolution into pure-state quantum tra-
jectories, which we numerically find to exhibit area-law
scaling of the entanglement entropy. Throughout this
work we discuss both the quantum channel dynamics, as
well as the evolution of pure-state trajectories which are
an unravelling of the channel.

The rest of this paper is organized as follows. In Sec. II
we describe a baseline model of dynamics whose steady
state is our pure state of interest (Sec. II A), we describe
a more general perturbed model of dynamics (Sec. II B),
and we explore the symmetries present in these mod-
els (Sec. II C). We present our results in Sec. III, begin-
ning with a discussion of relevant observables (Sec. IIIA).
Then we explore the steady state properties and dynam-
ical features approaching steady state for each of three
cases: the baseline dynamics (Sec. III B), the perturbed
dynamics with U(1) symmetry (Sec. III C), and the per-
turbed dynamics without U(1) symmetry (Sec. IIID).
Finally, we close in Sec. IV by summarizing our results,
discussing their limitations, and posing questions regard-
ing the capabilities of monitored circuits with feedback
and what we can learn from the quantum channel super-
operator itself.

II. MODEL

A. Baseline dynamics

We consider a circuit architecture composed of SWAP
measurements and �z unitary operators applied to a one-
dimensional chain of L qubits.

The SWAP operator has two eigenspaces: the three
triplet states |S = 1, Sz = mi (for m = �1, 0, 1) are
even under SWAP and the singlet state |S = 0, Sz = 0i

is odd. Consequently, measuring SWAP on two sites is
equivalent to measuring the total spin on these sites. The
projectors corresponding to these eigenspaces are:

⇧+ = |1, 1ih1, 1| + |1, 0ih1, 0| + |1, �1ih1, �1| (1)
⇧� = |0, 0ih0, 0| (2)

with ⇧± = (1 ± SWAP)/2.
Our model consists of two-site conditional processes

wherein:

1. The SWAP operator is measured across two sites.

2. If the result is �1, a �z gate is applied to the first
site. This pumps the local singlet into a triplet
state:

|0, 0i 7! |1, 0i. (3)

Otherwise, no feedback is applied.

One circuit time step in our model corresponds to L such
elementary steps. In each elementary step, one of these
measurements with feedback is applied to a randomly
selected bond. We assume open boundary conditions.
This circuit architecture is illustrated in Fig. 1a.

We consider both the quantum trajectory dynamics,
where the SWAP measurement results are recorded, and
the trajectory-averaged quantum channel dynamics. The
corresponding quantum channel is obtained by averaging
over the possible measurement outcomes, so that one el-
ementary time step is given by

C(⇢) =
1

L � 1

L�1X

i=1

⇥
⇧+

i,i+1⇢⇧
+
i,i+1

+ �z
i ⇧�

i,i+1⇢⇧
�
i,i+1�

z
i

⇤

(4)

and C
L(⇢) advances ⇢ by one circuit time step. Con-

versely, the circuit quantum trajectories define a partic-
ular unravelling of the channel.

The quantum channel perspective is natural for con-
sidering the dynamics of observables which are linear in
the density matrix of a state. Each quantum trajectory
depends both on the sequence of randomly selected mea-
surement locations (denoted x) and on the history of
measurement results (denoted m). Thus, when we av-
erage the expectation value of an observable O over all
possible trajectories | x,mi, we find that:

hOi =
X

x,m

pxpmh x,m|O| x,mi (5)

=
X

x,m

pxpm Tr[O | x,mih x,m|] (6)

= Tr[O⇢], (7)

where

⇢ =
X

x,m

pxpm | x,mih x,m| (8)

is a mixed state corresponding to the ensemble of tra-
jectories, and its dynamics is given by Eq. 4. Here pm
is determined by the Born rule, and px = (L � 1)�tL

for a circuit with t time steps since each elementary step
selects randomly among L � 1 bonds.2

Since this quantum channel is linear, we can also view
it as a matrix acting on a doubled Hilbert space (see
Appendix A for more information) where

⇢ ! |⇢ii (9)
K⇢K†

! (K ⌦ K⇤)|⇢ii. (10)

2
In the perturbed model introduced in Sec. II B, px also depends

on which perturbing measurements occur in the circuit x and

the various probabilities of these perturbations.
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Performing this transformation, we arrive at

C =
1

L � 1

L�1X

i=1

h
(⇧+

i,i+1)
⌦2 + (�z

i ⇧�
i,i+1)

⌦2
i
. (11)

This matrix determines two important properties of the
dynamics: the steady state order and the saturation time.
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�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+
<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="6NenGJ9yklg8oXOJKWODOqZ6iBQ=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKexK0FyEgBePEc0DkiXMTmaTITOzy0yvEJb9BK/6Ad7Eqx/j2R9xkuzBJBY0FFXddHcFseAGXPfbKWxsbm3vFHdLe/sHh0fl45O2iRJNWYtGItLdgBgmuGIt4CBYN9aMyECwTjC5m/mdZ6YNj9QTTGPmSzJSPOSUgJUe4dYblCtu1Z0DrxMvJxWUozko//SHEU0kU0AFMabnuTH4KdHAqWBZqZ8YFhM6ISPWs1QRyYyfzk/N8IVVhjiMtC0FeK7+nUiJNGYqA9spCYzNqjcT//N6CYR1P+UqToApulgUJgJDhGd/4yHXjIKYWkKo5vZWTMdEEwo2nVJpaU8gM5uKt5rBOmlfVb3rau2hVmnU83yK6Aydo0vkoRvUQPeoiVqIohF6Qa/ozcmcd+fD+Vy0Fpx85hQtwfn6BYVOlC8=</latexit>

t = 1

<latexit sha1_base64="gz9dWA2hzpmLXDjPwgiip8tXvrk=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoLkIAS8eI5oHJEuYncwmQ2Zml5lZISz7CV71A7yJVz/Gsz/iJNmDJhY0FFXddHcFMWfauO6XU9jY3NreKe6W9vYPDo/KxycdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPp7dzvPlGlWSQfzSymvsBjyUJGsLHSg7mpDcsVt+ougNaJl5MK5GgNy9+DUUQSQaUhHGvd99zY+ClWhhFOs9Ig0TTGZIrHtG+pxIJqP12cmqELq4xQGClb0qCF+nsixULrmQhsp8Bmole9ufif109M2PBTJuPEUEmWi8KEIxOh+d9oxBQlhs8swUQxeysiE6wwMTadUunPnkBkNhVvNYN10qlVvatq/b5eaTbyfIpwBudwCR5cQxPuoAVtIDCGZ3iBVydz3px352PZWnDymVP4A+fzB4bjlDA=</latexit>

t = 2

<latexit sha1_base64="78VeTjic13EvkQAq4sXkYtsGKx4=">AAAB+3icbVBNSwMxEM3Wr7p+VT16CRbBU9nVor0IBS8eK1pbaJeSTbNtaJJdklmhLP0JXvUHeBOv/hjP/hHTdg+29cHA470ZZuaFieAGPO/bKaytb2xuFbfdnd29/YPS4dGTiVNNWZPGItbtkBgmuGJN4CBYO9GMyFCwVji6nfqtZ6YNj9UjjBMWSDJQPOKUgJUe4OayVyp7FW8GvEr8nJRRjkav9NPtxzSVTAEVxJiO7yUQZEQDp4JN3G5qWELoiAxYx1JFJDNBNjt1gs+s0sdRrG0pwDP170RGpDFjGdpOSWBolr2p+J/XSSGqBRlXSQpM0fmiKBUYYjz9G/e5ZhTE2BJCNbe3YjokmlCw6bjuwp5QTmwq/nIGq+TpouJfVar31XK9ludTRCfoFJ0jH12jOrpDDdREFA3QC3pFb87EeXc+nM95a8HJZ47RApyvX4h4lDE=</latexit>

t = 3

<latexit sha1_base64="V5YqerUJCtyxSqWxaxyxhYA7Cts=">AAACAnicbVDLTsJAFL3FF9YX6tLNRDBxRVpilCWJGxcuMJFHhIZMhylMmE7rzNSENOz8BLf6Ae6MW3/EtT/iAF0IeJKbnJxzb+69x485U9pxvq3c2vrG5lZ+297Z3ds/KBweNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuuJSsUica/HMfVCPBAsYARrIz2UbkvoMfGZVr1C0Sk7M6BV4makCBnqvcJPtx+RJKRCE46V6rhOrL0US80IpxO7mygaYzLCA9oxVOCQKi+dXTxBZ0bpoyCSpoRGM/XvRIpDpcahbzpDrIdq2ZuK/3mdRAdVL2UiTjQVZL4oSDjSEZq+j/pMUqL52BBMJDO3IjLEEhNtQrLthT1+ODGpuMsZrJJmpexeli/uKsVaNcsnDydwCufgwhXU4Abq0AACAl7gFd6sZ+vd+rA+5605K5s5hgVYX79kVJbd</latexit>

L qubits

<latexit sha1_base64="OCIBjDR2tEKkQ1yDRubiz7sDr3Y=">AAAB+3icbVDLSgNBEOz1GddX1KOXwSDES9iVoB6DXjxGNA9IljA7mU2GzMwuM7NCWPIJXvUDvIlXP8azP+Ik2YNJLGgoqrrp7goTzrTxvG9nbX1jc2u7sOPu7u0fHBaPjps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthaO7qd96pkqzWD6ZcUIDgQeSRYxgY6XHMr7oFUtexZsBrRI/JyXIUe8Vf7r9mKSCSkM41rrje4kJMqwMI5xO3G6qaYLJCA9ox1KJBdVBNjt1gs6t0kdRrGxJg2bq34kMC63HIrSdApuhXvam4n9eJzXRTZAxmaSGSjJfFKUcmRhN/0Z9pigxfGwJJorZWxEZYoWJsem47sKeUExsKv5yBqukeVnxryrVh2qpdpvnU4BTOIMy+HANNbiHOjSAwABe4BXenInz7nw4n/PWNSefOYEFOF+/O+yUCQ==</latexit>

(a)
<latexit sha1_base64="Ewm9ulIVMK/pr0PpRh3U8+lg8II=">AAAB+3icbVDLSgNBEOz1GddX1KOXwSDES9iVoB6DXjxGNA9IljA7mU2GzMwuM7NCWPIJXvUDvIlXP8azP+Ik2YNJLGgoqrrp7goTzrTxvG9nbX1jc2u7sOPu7u0fHBaPjps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthaO7qd96pkqzWD6ZcUIDgQeSRYxgY6XHcnjRK5a8ijcDWiV+TkqQo94r/nT7MUkFlYZwrHXH9xITZFgZRjiduN1U0wSTER7QjqUSC6qDbHbqBJ1bpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8TmqimyBjMkkNlWS+KEo5MjGa/o36TFFi+NgSTBSztyIyxAoTY9Nx3YU9oZjYVPzlDFZJ87LiX1WqD9VS7TbPpwCncAZl8OEaanAPdWgAgQG8wCu8ORPn3flwPueta04+cwILcL5+AT2ClAo=</latexit>

(b)

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="6NenGJ9yklg8oXOJKWODOqZ6iBQ=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKexK0FyEgBePEc0DkiXMTmaTITOzy0yvEJb9BK/6Ad7Eqx/j2R9xkuzBJBY0FFXddHcFseAGXPfbKWxsbm3vFHdLe/sHh0fl45O2iRJNWYtGItLdgBgmuGIt4CBYN9aMyECwTjC5m/mdZ6YNj9QTTGPmSzJSPOSUgJUe4dYblCtu1Z0DrxMvJxWUozko//SHEU0kU0AFMabnuTH4KdHAqWBZqZ8YFhM6ISPWs1QRyYyfzk/N8IVVhjiMtC0FeK7+nUiJNGYqA9spCYzNqjcT//N6CYR1P+UqToApulgUJgJDhGd/4yHXjIKYWkKo5vZWTMdEEwo2nVJpaU8gM5uKt5rBOmlfVb3rau2hVmnU83yK6Aydo0vkoRvUQPeoiVqIohF6Qa/ozcmcd+fD+Vy0Fpx85hQtwfn6BYVOlC8=</latexit>

t = 1

<latexit sha1_base64="gz9dWA2hzpmLXDjPwgiip8tXvrk=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoLkIAS8eI5oHJEuYncwmQ2Zml5lZISz7CV71A7yJVz/Gsz/iJNmDJhY0FFXddHcFMWfauO6XU9jY3NreKe6W9vYPDo/KxycdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPp7dzvPlGlWSQfzSymvsBjyUJGsLHSg7mpDcsVt+ougNaJl5MK5GgNy9+DUUQSQaUhHGvd99zY+ClWhhFOs9Ig0TTGZIrHtG+pxIJqP12cmqELq4xQGClb0qCF+nsixULrmQhsp8Bmole9ufif109M2PBTJuPEUEmWi8KEIxOh+d9oxBQlhs8swUQxeysiE6wwMTadUunPnkBkNhVvNYN10qlVvatq/b5eaTbyfIpwBudwCR5cQxPuoAVtIDCGZ3iBVydz3px352PZWnDymVP4A+fzB4bjlDA=</latexit>

t = 2

<latexit sha1_base64="78VeTjic13EvkQAq4sXkYtsGKx4=">AAAB+3icbVBNSwMxEM3Wr7p+VT16CRbBU9nVor0IBS8eK1pbaJeSTbNtaJJdklmhLP0JXvUHeBOv/hjP/hHTdg+29cHA470ZZuaFieAGPO/bKaytb2xuFbfdnd29/YPS4dGTiVNNWZPGItbtkBgmuGJN4CBYO9GMyFCwVji6nfqtZ6YNj9UjjBMWSDJQPOKUgJUe4OayVyp7FW8GvEr8nJRRjkav9NPtxzSVTAEVxJiO7yUQZEQDp4JN3G5qWELoiAxYx1JFJDNBNjt1gs+s0sdRrG0pwDP170RGpDFjGdpOSWBolr2p+J/XSSGqBRlXSQpM0fmiKBUYYjz9G/e5ZhTE2BJCNbe3YjokmlCw6bjuwp5QTmwq/nIGq+TpouJfVar31XK9ludTRCfoFJ0jH12jOrpDDdREFA3QC3pFb87EeXc+nM95a8HJZ47RApyvX4h4lDE=</latexit>

t = 3

<latexit sha1_base64="V5YqerUJCtyxSqWxaxyxhYA7Cts=">AAACAnicbVDLTsJAFL3FF9YX6tLNRDBxRVpilCWJGxcuMJFHhIZMhylMmE7rzNSENOz8BLf6Ae6MW3/EtT/iAF0IeJKbnJxzb+69x485U9pxvq3c2vrG5lZ+297Z3ds/KBweNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuuJSsUica/HMfVCPBAsYARrIz2UbkvoMfGZVr1C0Sk7M6BV4makCBnqvcJPtx+RJKRCE46V6rhOrL0US80IpxO7mygaYzLCA9oxVOCQKi+dXTxBZ0bpoyCSpoRGM/XvRIpDpcahbzpDrIdq2ZuK/3mdRAdVL2UiTjQVZL4oSDjSEZq+j/pMUqL52BBMJDO3IjLEEhNtQrLthT1+ODGpuMsZrJJmpexeli/uKsVaNcsnDydwCufgwhXU4Abq0AACAl7gFd6sZ+vd+rA+5605K5s5hgVYX79kVJbd</latexit>

L qubits

<latexit sha1_base64="mDpfOIQSqGjRBedsZfR1Z0bmcb0=">AAAB+XicjVDLSgNBEOyNr7i+oh69DAbBU9gNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oibx8GIggUNRVU33V1hIrixnvfhFDY2t7Z3irvu3v7B4VHp+KRt4lQzbLFYxLobUoOCK2xZbgV2E41UhgI74eR27nceUBseq3s7TTCQdKR4xBm1udTsDkplv+ItQP4mZVihMSh99ocxSyUqywQ1pud7iQ0yqi1nAmduPzWYUDahI+zlVFGJJsgWh87IRa4MSRTrvJQlC/X7REalMVMZ5p2S2rH56c3F37xeaqObIOMqSS0qtlwUpYLYmMy/JkOukVkxzQllmue3EjammjKbZ+O6a3tCOftfKu1qxb+q1Jq1cr26yqcIZ3AOl+DDNdThDhrQAgYIj/AEz07mvDivztuyteCsZk5hDc77F2Kmk44=</latexit>

X

<latexit sha1_base64="u+GWz3xs7QVd5wMt6wD9j0n8rtk=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmIckS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2Q7k48=</latexit>

Y

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="mDpfOIQSqGjRBedsZfR1Z0bmcb0=">AAAB+XicjVDLSgNBEOyNr7i+oh69DAbBU9gNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oibx8GIggUNRVU33V1hIrixnvfhFDY2t7Z3irvu3v7B4VHp+KRt4lQzbLFYxLobUoOCK2xZbgV2E41UhgI74eR27nceUBseq3s7TTCQdKR4xBm1udTsDkplv+ItQP4mZVihMSh99ocxSyUqywQ1pud7iQ0yqi1nAmduPzWYUDahI+zlVFGJJsgWh87IRa4MSRTrvJQlC/X7REalMVMZ5p2S2rH56c3F37xeaqObIOMqSS0qtlwUpYLYmMy/JkOukVkxzQllmue3EjammjKbZ+O6a3tCOftfKu1qxb+q1Jq1cr26yqcIZ3AOl+DDNdThDhrQAgYIj/AEz07mvDivztuyteCsZk5hDc77F2Kmk44=</latexit>

X

<latexit sha1_base64="44O+JB4TbfyMx9C3hPKXPbTOOQo=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSAIQtgNQT0GvHhMwDwgWcLspDcZMjO7zMwKYckXeNUP8CZe/RrP/oiTx8GIggUNRVU33V1Rypk2vv/hrK1vbG5tF3bc3b39g8Pi0XFLJ5mi2KQJT1QnIho5k9g0zHDspAqJiDi2o/HtzG8/oNIskfdmkmIoyFCymFFirNS47BdLQdmfw/ublGCJer/42RskNBMoDeVE627gpybMiTKMcpy6vUxjSuiYDLFrqSQCdZjPD51651YZeHGibEnjzdXvEzkRWk9EZDsFMSP905uJv3ndzMQ3Yc5kmhmUdLEozrhnEm/2tTdgCqnhE0sIVcze6tERUYQam43rruyJxPR/qbQq5eCqXG1US7XKMp8CnMIZXEAA11CDO6hDEyggPMITPDu58+K8Om+L1jVnOXMCK3DevwAbdZNh</latexit>

+

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="N9laG/lPXZSghvgxTftHjJxg9Ys=">AAAB+XicjVDLSgNBEOz1GddX1KOXxSB4MeyGoB4DXjwmYB6QLGF20psMmZldZmaFsOQLvOoHeBOvfo1nf8TJ42BEwYKGoqqb7q4o5Uwb3/9w1tY3Nre2Czvu7t7+wWHx6Lilk0xRbNKEJ6oTEY2cSWwaZjh2UoVERBzb0fh25rcfUGmWyHszSTEUZChZzCgxVmpc9ouloOzP4f1NSrBEvV/87A0SmgmUhnKidTfwUxPmRBlGOU7dXqYxJXRMhti1VBKBOsznh069c6sMvDhRtqTx5ur3iZwIrScisp2CmJH+6c3E37xuZuKbMGcyzQxKulgUZ9wziTf72hswhdTwiSWEKmZv9eiIKEKNzcZ1V/ZEYvq/VFqVcnBVrjaqpVplmU8BTuEMLiCAa6jBHdShCRQQHuEJnp3ceXFenbdF65qznDmBFTjvXx6fk2M=</latexit>

�

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z

<latexit sha1_base64="DHJQ8fiR4m9apc4QiZyiKW38+hg=">AAAB+XicjVDLSgNBEOz1GddX1KOXwSB4CrshqMeAF48JmAcmS5id9CZDZnaXmVkhLPkCr/oB3sSrX+PZH3HyOBhRsKChqOqmuytMBdfG8z6ctfWNza3two67u7d/cFg8Om7pJFMMmywRieqEVKPgMTYNNwI7qUIqQ4HtcHwz89sPqDRP4jszSTGQdBjziDNqrNS47xdLftmbg/xNSrBEvV/87A0SlkmMDRNU667vpSbIqTKcCZy6vUxjStmYDrFraUwl6iCfHzol51YZkChRtmJD5ur3iZxKrScytJ2SmpH+6c3E37xuZqLrIOdxmhmM2WJRlAliEjL7mgy4QmbExBLKFLe3EjaiijJjs3HdlT2hnP4vlVal7F+Wq41qqVZZ5lOAUziDC/DhCmpwC3VoAgOER3iCZyd3XpxX523RuuYsZ05gBc77F2XQk5A=</latexit>

Z
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FIG. 1: The baseline and perturbed circuit models we
consider. In both cases, orange blocks indicate circuit
time steps containing L elementary steps. (a) The base-
line model consists only of SWAP measurements and,
following �1 parity results, �z unitary feedback. The
SWAP measurements occur at random bonds with open
boundary conditions. (b) The perturbed model adds in
the possibility of Pauli measurements. These are applied
at random sites with probabilities px, py, and pz respec-
tively (and SWAP measurements occur at random bonds
with probability ps = 1 � (px + py + pz)).

B. Perturbed dynamics

We also study the impact of perturbing these dynam-
ics with single-site Pauli measurements. Now, in each
elementary time step, one of the following occurs:

1. A SWAP measurement with �z feedback is applied
to a random bond with probability ps.

2. A single-site Pauli measurement occurs at a random
site wherein

(a) �x is measured with probability px,
(b) �y is measured with probability py, and
(c) �z is measured with probability pz,

with ps + px + py + pz = 1.

As in the unperturbed dynamics, a circuit time step com-
prises L of these elementary steps. This circuit architec-
ture is illustrated in Fig. 1b.

The corresponding perturbed quantum channel matrix
is given by

C
0 =

1

L � 1

L�1X

i=1

ps

⇥
(⇧+

i,i+1)
⌦2 + (�z

i ⇧�
i,i+1)

⌦2
⇤

+
1

2L

LX

i=1

"
(1 � ps)

⌦2 +
X

µ=x,y,z

pµ(�µ
i )⌦2

#
.

(12)

C. Symmetries of our models

Since both SWAP and �z commute with Q =
P

i Sz
i ,

the baseline model has a strong U(1) symmetry where
Sz

tot is the corresponding conserved charge. We use the
notion of “strong symmetry” in the sense that all Kraus
operators of the channel commute with the symmetry
generator, following Refs. [45, 46]. Thus, this symmetry
remains when �z measurements are introduced. As a
result, the perturbed dynamics continues to have this
U(1) symmetry when px = py = 0. However, it is broken
when px > 0 or py > 0 since �x and �y do not commute
with Q.

III. RESULTS

A. Quantities of interest

Given our model’s U(1) symmetry when px = py = 0,
quantities that diagnose spontaneous breaking of this
symmetry are of particular interest. For this purpose,
it is useful to consider the spin-spin correlation function
h |Si · Sj | i. Then we can diagnose symmetry breaking
using the ferromagnetic susceptibility :

� =
1

L

X

ij

h |Si · Sj | i. (13)

We can also look for signatures of long-range order us-
ing the quantity h |S1 · SL| i. In both cases, we are
interested in the behaviour as L ! 1. Since both � and
hS1 · SLi are linear in the density matrix, these quantities



4

are accessible both in the quantum trajectory dynamics
and in the quantum channel dynamics.

Additionally, we are interested in the entanglement dy-
namics of the baseline and perturbed models. Since en-
tanglement entropies are nonlinear in the density matrix,
their dynamics are visible only at the quantum trajectory
level. Here, we focus on the half-chain von Neumann en-
tropy:

S(⇢A) = � Tr[⇢A log ⇢A] (14)

where ⇢A = TrB [⇢] with A and B indicating the left and
right halves of the system, respectively.

When simulating quantum trajectories, it is necessary
to pick an initial state. Unless otherwise stated, we use
a half-filled Néel state:

| 0i = |"#"# · · · "#i. (15)

B. Baseline dynamics

1. Steady state properties

To study U(1) symmetry breaking and entanglement
dynamics in the baseline model, we first need to under-
stand what steady states are present in this model.

We recall that the baseline dynamics is composed en-
tirely of SWAP measurements with feedback. Conse-
quently, a state | i can be a steady state of the dynam-
ics only if SWAPi,i+1| i = | i for all i < L. In this
case, the state is unaffected by the SWAP measurement
and no feedback is applied to change the state. We can
actually make a stronger statement about | i: since the
set of adjacent transpositions (operators like SWAPi,i+1)
generate the entire space of permutations, it follows that
SWAPij | i = | i for any i and j.

Expressing the SWAP measurement in terms of total
spin provides helpful physical intuition. We can write the
SWAP operator on sites i and j as SWAPij = 1

2 ( i j +
�i · �j) where

�i · �j = �x
i �

x
j + �y

i �
y
j + �z

i �
z
j = 4(Si · Sj), (16)

with ~ = 1. Therefore, the state with even parity along
each bond (and, consequently, between any two sites)
will also maximize total spin. It follows that pure steady
states along quantum trajectories are those states with
maximal total spin. There are L + 1 such states, labeled
|
L
2 , mi with |m| 

L
2 . Because the space of states with

maximal total spin is invariant under SU(2) rotations,
the emergent symmetry of the manifold of steady states
is higher than the microscopic dynamical U(1) symmetry
of the model. Since there is one such steady state in each
charge sector, the U(1) symmetry dictates that there is
a unique steady state if the initial state has fixed charge.

One could worry that the quantum channel dynamics
has additional mixed steady states that prevent the states
|
L
2 , mi from being attractive fixed points of the dynamics.

However, we anticipate that these pure states are the
unique steady states of both the trajectory and channel
dynamics, and we find that this is consistent with our
numerics.

We can immediately calculate the ferromagnetic sus-
ceptibility and long-range order for these steady states.
Rewriting the susceptibility in Eq. 13 in terms of SWAP
operators, we find that

� =
1

L

X

i 6=j

h
L
2 , m|Si · Sj |

L
2 , mi +

3

4
(17)

=
1

4L

X

i 6=j

h
L
2 , m|(2SWAPij � 1)|L

2 , mi +
3

4
(18)

in the steady states. Since any |
L
2 , mi is totally symmet-

ric, h
L
2 , m|SWAPij |

L
2 , mi = 1 for all i, j and

� =
L(L � 1)

4L
+

3

4
=

L + 2

4
. (19)

We conclude that the ferromagnetic susceptibility di-
verges in the thermodynamic limit for these steady states.
Similarly, we find that hS1 · SLi = 1

4 for these steady
states.

In Appendix D we show that, given an initial state with
fixed charge Q, the steady-state bipartite entanglement
entropy grows as

S(⇢A) =
1

2
log L +

1

2
(log(2⇡abn(1 � n)) + 1)

+ O

✓
log L

L

◆
(20)

in the baseline model as L ! 1 with q = Q
L held con-

stant, and with q satisfying �
1
2 < q < 1

2 . In Eq. 20,
a = |A|

L and b = 1 � a are the fraction of spins in the two
bipartitions respectively, and n = q + 1

2 is the number of
spins pointed up (in the z direction).3 This result agrees
with our MPS simulations, as shown in Fig. 3.

2. Approach to steady state

Observables that are linear in the density matrix – like
the ferromagnetic susceptibility and long-range order –
are accessible in the quantum channel dynamics. Conse-
quently, no such quantity can saturate more slowly than
the rate at which the quantum channel reaches its steady
state. In this way, the lifetime of the channel’s longest-
lasting non-steady mode sets a fundamental time scale

3
The leading order contribution agrees with results for the ideal

Bose gas [47]. This is a sensible comparison since the spins in

our one-dimensional model, although hard-core bosons, have a

steady state which resembles that of a 1d ferromagnet, which has

long-ranged order like the ground state of an ideal Bose gas.
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for linear observables in both the quantum trajectory and
quantum channel dynamics.

As described in Appendix B, the lifetime of the longest-
lasting non-steady mode of a channel E is set by the
gap � in the corresponding non-Hermitian “Hamiltonian”
H = � E .4 In particular, the channel’s saturation
time is proportional to ��1. For the case of our baseline
model, E = C

L. In Fig. 2a, we plot the scaling of � with
system size, calculated using exact diagonalization on the
baseline channel matrix. We find results consistent with
�(L) / L�2, meaning that O(L2) circuit time steps are
required for linear observables to saturate. This is con-
sistent with the intuition that conserved charges spread
diffusively under random dynamics.

We can check this diffusive behaviour for larger system
sizes by studying the saturation of hS1 · SLi in quantum
trajectories using MPS simulations. These data are plot-
ted for a range of system sizes in Fig. 2b, and are consis-
tent with the scaling suggested by the channel gap.

Of course, the channel gap has no implications for the
dynamics of quantities like entanglement entropy that
are nonlinear in the density matrix. Nevertheless, we can
probe entanglement dynamics through MPS simulations
of quantum trajectories. As illustrated in Fig. 3, we find
that entanglement entropy saturates in O(L) time in our
baseline model.

C. Perturbed dynamics with U(1) symmetry

As discussed in Sec. II C, the perturbed model retains
U(1) symmetry when px = py = 0. We address this case
in this Sec. III C, before taking up the general perturbed
model in Sec. III D.

1. Steady state properties

When any single-site Pauli measurements are present
in the perturbed model, the pure states |

L
2 , mi are gen-

erally no longer steady states. In particular, when px =
py = 0, these states are only steady states for m = ±

L
2 .

In other words, only |"" · · · "i and |## · · · #i are steady
states along trajectories. Since Q is conserved in this
case, quantum trajectories beginning with an initial state
in a non-extremal charge sector will have no pure steady
states.

Correspondingly, the quantum channel steady state is
mixed in non-extremal charge sectors when both ps and

4
There may be exceptional cases where this does not apply. Be-

cause the channel matrix is not generally Hermitian, its eigen-

vectors are generally not mutually orthogonal. This allows initial

states to have extensively large weight on non-steady modes that

therefore take longer to decay. This is discussed in the context

of Lindblad evolution in [48], for example. Having said all this,

our MPS simulations of quantum trajectories suggest that the

channel gap is representative of the time scales in our models.

(a)

(b)

FIG. 2: (a) Channel gap in a single charge sector over
a range of system sizes for the baseline model (see
Sec. III B). We find that the gap shrinks with L�z where
z = 2.02(1). (b) Growth of hS1 · SLi over time for a
range of system sizes in the baseline model. For each
system size, the data are the average of 100 quantum
trajectories simulated using MPS tensor networks. We
find that hS1 · SLi saturates in O(L2) time steps in the
quantum trajectory approach, which is consistent with
the gap scaling seen in the quantum channel approach.

pz are nonzero. In Fig. 4, we illustrate the decay of the
purity

P = Tr
�
⇢2
�

(21)

as pz is increased. In particular, when we plot P (L, pz)
against the scaling variable L1/⌫P pz we find that the data
collapse to the scaling form

P (L, pz) = FP (L1/⌫P pz) (22)

when ⌫P ⇡ 0.35. At this stage, we do not have an under-
standing of this scaling.
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FIG. 3: Half-chain entanglement growth with time over
a range of system sizes for the baseline model (see
Sec. III B) starting from an initially unentangled Néel
state. The data collapse that arises suggests that en-
tanglement saturates in O(L) time to a steady-state
value that is logarithmic in system size. This logarith-
mic growth is visualized in the inset plot, where the
steady-state entanglement is compared against the lead-
ing order analytical prediction given in Eq. 20 (with
a = b = n = 1

2 ). For each system size in the main
plot, the data are the average of 100 quantum trajec-
tories. Each point in the inset is the average of 1200
samples, composed of 12 measurements between t = 5L
and t = 8L for each of the 100 trajectories.

Using exact diagonalization on the quantum channel
matrix we find that these mixed steady states are not
ordered. Using MPS simulations of quantum trajecto-
ries, we confirm this and also find that the trajectories
have area-law entanglement at late times. In contrast,
the mixture of all steady-state trajectories accessed in
the quantum channel approach has a volume-law en-
tropy, corresponding to the exponentially small purity
illustrated in the inset of Fig. 4.

Although the dynamics has an ordered steady state
only when no perturbation is actually applied (that is,
when pz = 0), we can look for a scaling form like that of
the purity. For this purpose, it is desirable to consider the
scaling of hSx

1 Sx
L + Sy

1Sy
Li instead of hS1 · SLi because

the model’s U(1) symmetry protects hSz
1Sz

Li correlations
that are unrelated to breaking of the symmetry and are
independent of pz. In particular, we show in Appendix C
that, for any i 6= j,

Tr
⇥
Sz

i Sz
j ⇢(L, pz)

⇤
=

4Q2
� L

4L(L � 1)
(23)

where ⇢(L, pz) denotes the mixed steady state in a given
charge sector. As L ! 1, we can organize this as⌦
Sz

i Sz
j

↵
= hSz

i ihSz
j i + O(L�1).

Considering the Sx
1 Sx

L+Sy
1Sy

L correlations, we find that

FIG. 4: Steady state purity P = Tr
⇥
⇢2
⇤

of the quantum
channel (at half-filling) as a function of L1/⌫P pz in the
perturbed model with U(1) symmetry (see Sec. III C). We
find that the data collapse as P (L, pz) = FP (L1/⌫P pz)
when ⌫P ⇡ 0.35. When pz > 0, the purity decays expo-
nentially with system size, as illustrated for pz = 0.1 in
the inset.

the data collapse to the scaling form

Tr[(Sx
1 Sx

L + Sy
1Sy

L)⇢(L, pz)] = FSS(L1/⌫pz) (24)

with ⌫ ⇡ 0.5. This collapse is illustrated in Fig. 5. To
make the collapse manifest at small system sizes, we scale
(Sx

1 Sx
L + Sy

1Sy
L) by a factor of L�1

L , which approaches
unity in the thermodynamic limit. In the inset of this
figure we give an example of the exponential decay of
hSx

1 Sx
L + Sy

1Sy
Li that arises when pz is nonzero.

2. Approach to steady state

As in the baseline model, we can study the channel ma-
trix gap to understand the saturation dynamics of linear
observables. As in Sec. III B 2, we find gap scaling consis-
tent with � / L�2 and diffusive dynamics. These results
are plotted in Fig. 6.

Despite this, we observe constant-time saturation of
hS1 · SLi and entanglement entropy to their steady-state
values (hS1 · SLi = 0 and area-law entanglement in the
thermodynamic limit). The numerical results are not
shown here. But it is not surprising that the channel gap
indicates O(L2) saturation time even when the quantities
we have focused on saturate more quickly. The channel
gap needs to account for the slowest dynamics of linear
observables, and there are slower processes in these dy-
namics: for example, the diffusion of a localized charge
requires O(L2) time steps.
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FIG. 5: Steady state hSx
1 Sx

L + Sy
1Sy

Li of the quan-
tum channel (at half-filling) as a function of L1/⌫pz

in the perturbed model with U(1) symmetry (see
Sec. III C). We find that the data collapse as
L�1

L Tr[(Sx
1 Sx

L + Sy
1Sy

L)⇢(L, pz)] = FSS(L1/⌫pz) when
⌫ ⇡ 0.5. The factor of L�1

L corrects for the system-
size dependence of hSz

1Sz
Li given in Eq. 23 when Q = 0,

and can be ignored in the thermodynamic limit. When
pz > 0, the value of hSx

1 Sx
L + Sy

1Sy
Li decays exponen-

tially with system size as illustrated for pz = 0.1 in
the inset. hSx

1 Sx
L + Sy

1Sy
Li is a more suitable correla-

tion function than hS1 · SLi for identifying a scaling form
and diagnosing exponential decay because the latter has
perturbation-independent hSz

1Sz
Li correlations protected

by the U(1) symmetry.

FIG. 6: Channel gap scaling with system size for a range
of pz values in the perturbed model with U(1) symmetry
(see Sec. III C). The data are arranged between guide
lines �(L) = c1L�2 and �(L) = c2L�2 where c1 = 0.4
and c2 = 7.0. We consequently observe that gap scaling
for each value of pz is consistent with diffusive dynamics.

D. Perturbed dynamics without U(1) symmetry

1. Steady state properties

If one or both of px and py is greater than zero, then the
U(1) symmetry is no longer present. In this case, we find
that the steady states lack order and have area-law en-
tanglement as long as multiple species of Pauli measure-
ments are present. As in Sec. III C 1, we can perform a
finite-size scaling analysis to understand how order arises
as we approach ps = 1 from a direction in theory-space
that does not have U(1) symmetry. The results of this
analysis are depicted in Fig. 7 where ps = 1 is approached
along the line p = px = py. We find that the data collapse
to the scaling form

Tr[(S1 · SL)⇢(L, p)] = F̃SS(L1/⌫̃p) (25)

with ⌫̃ ⇡ 0.5.

FIG. 7: Steady state hS1 · SLi of the quantum channel
(at half-filling) as a function of L1/⌫̃p in the perturbed
model without U(1) symmetry (see Sec. III D). Here, p =
px = py controls the symmetry-violating perturbation.
We find that the data collapse as Tr[(S1 · SL)⇢(L, p)] =
F̃SS(L1/⌫̃p) when ⌫̃ ⇡ 0.5. When p > 0, the steady state
value of hS1 · SLi decays exponentially with system size,
as illustrated for p = 0.05 in the inset. The linear fit in
the inset results from a linear regression on the four data
points with L � 7.

2. Approach to steady state

In the presence of symmetry-breaking perturbations,
we find that the channel gap is generally independent of
system size (data not shown). This is unsurprising: in
the absence of U(1) symmetry there are no longer con-
served charges to diffuse throughout the system. Also,
since the system only ever has area-law entanglement,
entanglement saturation can occur in constant time.
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3. Exceptional cases

A special situation arises when only one type of Pauli
measurement is present. In Sec. III C, we found that
two pure steady states arose in the perturbed dynamics
with U(1) symmetry: the states |"" · · · "i and |## · · · #i.
However, charge conservation prevented these states from
being accessible to initial states in non-extremal charge
sectors, so most initial states led to mixed steady states.

When only �x perturbations are present, the product
state entirely pointed in +x and the product state en-
tirely pointed in �x are both pure steady states (and
likewise with states in ±y when only �y perturbations
are present). But, since there is no symmetry to enforce
charge conservation of any kind, these pure steady states
are generally accessible to the dynamics regardless of ini-
tial state. Consequently, when only px is nonzero or only
py is nonzero, the steady state is pure and ferromagneti-
cally ordered.

These steady states may correspond to channels with
exceptional gap scaling (in comparison to the system-
size-independent gap in Sec. III D 2). Even though there
is no symmetry-breaking order being developed over
time, we observe gapless modes in the channel matrix and
slow saturation in the quantum trajectory data. Both in-
dicate that the approach to these ordered steady states
occurs on a time scale that grows with system size (data
not shown). This is in stark contrast with the generic
situation, when multiple species of Pauli measurements
are present and the gapped channel matrix ensures that
the steady state is quickly reached. We leave further ex-
ploration of these slow dynamics for future work.

IV. DISCUSSION

A. Experimental protocol

Our protocol is composed of single-site unitaries and
measurements, and of local two-site SWAP measure-
ments. These SWAP measurements can be implemented
in a straightforward way using an ancilla qubit for each
bond and Fredkin (CSWAP) gates controlled by these
ancillae.

Suppose that our system is in state | i and we wish
to measure SWAP between sites i and i + 1. The pro-
jectors corresponding to the two possible outcomes are
denoted ⇧±

i,i+1. We can always write | i = | +
i + | �

i

where | ±
i = ⇧±

i,i+1| i are unnormalized states and
SWAPi,i+1| ±

i = ±| ±
i. It is convenient to denote the

x-basis states as |±i = 1p
2
(|"i ± |#i).

Initially, the ancilla qubit for the ith bond is in the
state |+i so the system and this ancilla together are in
the state:

|+i| i = 1p
2
(|"i + |#i)(| +

i + | �
i). (26)
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c1L = hS1 · SLi

FIG. 8: Schematic diagram depicting a simple imple-
mentation of the dynamics studied in this paper. Physi-
cal qubits are marked with blue circles and grey ancilla
qubits lie along each bond. These ancillae enable local
SWAP measurements. The red ancilla qubit lies between
the first and last physical qubits. These physical qubits
do not interact directly in our models (which have open
boundary conditions) but a SWAP measurement between
them diagnoses long-range order.

Next, let U denote a CSWAP gate that is controlled by
the ancilla and that swaps the sites i and i + 1. When
we apply U to this system, we get:

U |+i| i = 1p
2

⇥
|"i(| +

i + | �
i)

+ |#i(| +
i � | �

i)
⇤

(27)

= |+i| +
i + |�i| �

i. (28)

The SWAP measurement is performed on | i when we
measure the ancilla in the x basis. We get the even-
parity result with probability h +

| +
i = h |⇧+

i,i+1| i

and the odd-parity result with probability h �
| �

i =
h |⇧�

i,i+1| i. These are the same probabilities one would
find for a direct measurement of SWAP, so this process
precisely implements a SWAP measurement. The an-
cilla can be reset and used for subsequent measurements
across this bond.

Since the feedback in our baseline model produces
long-range order that is linear in the density matrix, a
decoherence-free quantum computer could observe this
order without a postselection problem. We found that
this order can be probed by h |S1 ·SL| i. Since S1 ·SL =
1
4 (2SWAP1L � 1), this is equivalent to measuring SWAP
between the first and last sites of the system. If the L
qubits comprising our system are arranged in a loop, then
this long-range order is locally accessible experimentally
using an ancilla between the first and last sites. Such a
setup is depicted in Fig. 8.

B. Outlook

In this work, we explored how adaptive quantum dy-
namics can be used to target pure steady states that
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break continuous symmetries and host long-range entan-
glement. In particular, we introduced a baseline model
where the steady state breaks a continuous U(1) sym-
metry and has logarithmic entanglement. But instead of
finding a stable phase with these properties, we deter-
mined that any nonzero density of Pauli measurements
leads to a mixed steady state without order and with
area-law entanglement in the quantum trajectories.

This prompts the question: is it possible to have a ro-
bust phase that spontaneously breaks a continuous sym-
metry in adaptive quantum circuits? This could arise
from a stable absorbing phase with a symmetry-breaking
pure steady state. Alternatively, perhaps a mixed steady
state could arise that breaks a continuous symmetry.
Whether such an absorbing phase or such a mixed state
are possible could be interesting future directions.

Also, it is notable that the symmetry-breaking steady
state of our baseline model is also a ground state of a
frustration-free Hamiltonian (the ferromagnetic Heisen-
berg model). And this is recapitulated in the dynam-
ics we consider: the steady state is simultaneously sta-
bilized by SWAP measurements with feedback at every
bond. This is an appealing feature of the dynamics be-
cause it ensures that, at least in the absence of perturba-
tions, there exist pure steady states. In contrast, there is
no non-trivial state that is stabilized by a measurement
like XiXi+1 + YiYi+1 at all bonds (i, i + 1). It would
be interesting to understand whether or not there is a
fundamental obstruction to stabilizing ground states of
quantum Hamiltonians for which the ground state does
not simultaneously minimize each term (like the quantum
XY model).

Lastly, we identified a non-Hermitian “Hamiltonian”

whose ground states encode the steady state proper-
ties of a quantum channel and whose gap determines
how quickly the steady state is reached. Since the
quantum channel has full information about linear ob-
servables, this amounts to the quantities that can be
generally observed experimentally. Consequently, it
could be interesting to explore whether properties of
these non-Hermitian operators can be used to organize
experimentally-accessible properties of quantum chan-
nels.
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Appendix A: The doubled Hilbert space

The key elements of translating expressions in the stan-
dard Hilbert space to a doubled Hilbert space are con-
tained in the following rearrangement. Given a basis
{|bii}

2L

i=1, we can write

⇢ =
X

ij

⇢ij |biihbj | , (A1)

K =
X

ij

Kij |biihbj | , and (A2)

K† =
X

ij

(K†)ij |biihbj | , (A3)

and notice that

(K⇢K†)ij =
X

mn

Kim⇢mn(K†)nj (A4)

=
X

mn

Kim(K⇤)jn⇢mn (A5)

= hhbibj |(K ⌦ K⇤)|⇢ii, (A6)

where

|⇢ii =
X

ij

⇢ij |bibjii (A7)

with |bibjii = |bii ⌦ |bji and hhbibj | = hbi| ⌦ hbj |.
But there is a noteworthy subtlety: in doing this trans-

formation, we took a fixed basis (the computational ba-
sis), so the process of vectorizing ⇢ and transposing K†

is basis-dependent.
In the doubled Hilbert space, we notice that

Tr
�
A†B

�
=
X

ij

(A†)jiBij (A8)

=
X

ij

A⇤
ijBij (A9)

= hhA|Bii. (A10)

Also,

hhbibj |⇢
†
ii = (⇢†)ij (A11)

= ⇢⇤ji (A12)
= hhbjbi|⇢ii

⇤ (A13)

so

|⇢†ii = (T |⇢ii)⇤ (A14)

where T swaps bitstrings between the two copies of the
Hilbert space. When ⇢ is a physical Hermitian state,
Eq. A14 provides a condition on the vectorized form of
the state.

Appendix B: Channel gaps

A monitored quantum circuit’s saturation time scal-
ing is particularly transparent in the quantum channel
picture. The entire spectrum of any quantum channel
E is contained in the unit disk of C [49]. If {Vk} is a
(generally non-orthonormal) eigenbasis for E with corre-
sponding eigenvalues {�k}, then any initial state ⇢0 can
be written as

⇢0 =
X

k

akVk, (B1)

and after M time steps,

E
M (⇢0) =

X

k

�M
k akVk. (B2)

One or more �k will satisfy |�k| = 1, so that as M ! 1

the steady state is given by

E
M (⇢0) =

X

k:|�k|=1

�M
k akVk (B3)

and the remaining unsteady contributions to the state
will shrink as

X

k:|�k|<1

�M
k akVk = |�|

M
X

k:|�k|<1

✓
�k

|�|

◆M

akVk (B4)

where � is the largest eigenvalue satisfying |�| < 1. Since
|�| < 1, there is a gap � between |�| and the largest
eigenvalue 1. Generically, this gap could depend on sys-
tem size, so that the unsteady parts of the initial state
fall off with

|�|
M = (1 � �(L))M , (B5)

meaning that M = O(�(L)�1) time steps are required
to ensure that these unsteady parts become arbitrarily
small.

In other words, the saturation time for a channel E

scales with the inverse of the gap between 1 and the next
largest eigenvalue of E , or with the inverse of the gap in
the non-Hermitian “Hamiltonian”

H = � E . (B6)

As noted in Sec. III B 2, there exist exceptions to this
analysis (like that explored in the context of Lindblad
evolution in [48]) that arise from the non-Hermiticity
of H.

Appendix C: ZiZj correlations in perturbed
dynamics with U(1) symmetry

In this Appendix C, we calculate Tr
⇥
Sz

i Sz
j ⇢(L, pz)

⇤
for

i 6= j, where ⇢(L, pz) is the steady state of the perturbed
dynamics with U(1) symmetry in a given charge sector.
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We will first show that this expectation value is indepen-
dent of i and j, and then we will use this to derive the
value for all i 6= j.

Using the doubled Hilbert space formalism of Ap-
pendix A, we can write

Tr
⇥
Sz

i Sz
j ⇢(L, pz)

⇤
= hhSz

i Sz
j |⇢(L, pz)ii (C1)

where, taking {|bii}
2L

i=1 to be the set of computational
basis states,

hhSz
i Sz

j | =
X

m,n

hhbmbn|(Sz
i Sz

j )⇤mn (C2)

=
X

m

hhbmbm|hbm|Sz
i Sz

j |bmi (C3)

since Sz
i Sz

j is diagonal in the computational basis.
When we set px = py = 0, the perturbed channel is

given by

C
0 =

1

L � 1

L�1X

i=1

ps

⇥
(⇧+

i,i+1)
⌦2 + (�z

i ⇧�
i,i+1)

⌦2
⇤

+
1

2L

LX

i=1

pz

⇥ ⌦2 + (�z
i )⌦2

⇤
.

(C4)

Defining ⇧Z⌦Z±
i = (1 ± (�z

i )⌦2)/2, we can rewrite this
channel as

C
0 =

1

2

1

L � 1

L�1X

i=1

ps

⇥
⇧Z⌦Z+

i

� ⌦2 + SWAP⌦2
i,i+1

�

+ ⇧Z⌦Z�
i

�
SWAPi,i+1 ⌦

+ ⌦ SWAPi,i+1

�⇤

+
1

L

LX

i=1

pz⇧
Z⌦Z+
i .

(C5)

Given an initial state |⇢0ii with charge Q, the repeated
application of C

0 will yield the steady state of the channel
in that charge sector:

|⇢(L, pz)ii = lim
T!1

(C0)T
|⇢0ii. (C6)

Therefore,

hhSz
i Sz

j |⇢(L, pz)ii = lim
T!1

hhSz
i Sz

j |(C0)T
|⇢0ii. (C7)

To calculate this, we can consider the action of C
0 to

the left on hhSz
i Sz

j |. This is vastly simplified by notic-
ing that hhbmbm|(�z

i )⌦2 = hhbmbm| for all computational
basis states |bmi, so

hhbmbm|⇧Z⌦Z+
i = hhbmbm| (C8)

and

hhbmbm|⇧Z⌦Z�
i = 0. (C9)

Consequently,

hhbmbm|C
0 = hhbmbm|C̃

0 (C10)

for all bm, where

C̃
0 =

1 + pz

2
+

1 � pz

2

1

L � 1

L�1X

i=1

SWAP⌦2
i,i+1. (C11)

Also, since hhbmbm|SWAP⌦2
i,i+1 = hhbnbn| for some n

(where bn is obtained from bm by swapping its ith and
(i + 1)th bits), it follows that hhbmbm| remains in the
subspace spanned by {hhbibi|}

2L

i=1 when multiplied by C
0.

Therefore, the same simplification holds for repeated ap-
plication of C

0, so

hhbmbm|(C0)T = hhbmbm|(C̃0)T (C12)

and, consequently,

hhSz
i Sz

j |(C0)T = hhSz
i Sz

j |(C̃0)T . (C13)

The matrix C̃
0 is Hermitian (even though the original

channel matrix C
0 was not) so its left eigenvectors and

right eigenvectors are equal. Furthermore, it is the ma-
trix corresponding to a quantum channel,5 so it must
have at least one steady state.

In fact, in the subspace spanned by {hhbibi|}
2L

i=1, there
is exactly one steady state of C̃

0 in each charge sector.
This steady state should be an eigenvector of SWAP⌦2

i,i+1

with eigenvalue +1 for all i. Since hbn| SWAPij |bmi is
always 0 or 1, it follows that

hhbnbn|SWAP⌦2
ij |bmbmii = hbn| SWAPij |bmi

2 (C14)
= hbn| SWAPij |bmi. (C15)

Therefore, SWAP⌦2
ij has the same matrix elements in

the space spanned by {hhbibi|}
2L

i=1 as SWAPij does in
the original single-copy Hilbert space, of which the space
spanned by {hhbibi|}

2L

i=1 is a repetition code. Consider-
ing the single-copy Hilbert space, we saw in Sec. III B 1
that only states with maximal total spin are even under
SWAPi,i+1 for all i. It follows that in the repetition code,
the steady states are

hh
L
2 , Q| /

X

m:w(bm)=N

hhbmbm| (C16)

where N = Q + L
2 is the total number of spins pointing

up (in the +z direction) and w(bm) counts the number of

5
More specifically, the channel matrix in Eq. C11 corresponds

to a model where SWAP is measured at a random bond with

probability 1� pz and nothing occurs with probability pz .
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up spins in the computational basis state |bmi. It follows
that

hhSz
i Sz

j |⇢(L, pz)ii = lim
T!1

hhSz
i Sz

j |(C0)T
|⇢0ii (C17)

= lim
T!1

hhSz
i Sz

j |(C̃0)T
|⇢0ii (C18)

/ hh
L
2 , Q|⇢0ii. (C19)

As a result, we conclude that this expectation value is
independent of i and j.

Now we are ready to finish our calculation. Since⇣PL
i=1 Sz

i

⌘
⇢(L, pz) = Q⇢(L, pz), it follows that

Q2 = Tr

2

4
 

LX

i=1

Sz
i

!2

⇢(L, pz)

3

5 (C20)

=
L

4
+ L(L � 1) Tr

⇥
Sz

i Sz
j ⇢(L, pz)

⇤
(C21)

using our result that Tr
⇥
Sz

i Sz
j ⇢(L, pz)

⇤
is independent of

i and j. Rearranging this, we find that

Tr
⇥
Sz

i Sz
j ⇢(L, pz)

⇤
=

4Q2
� L

4L(L � 1)
. (C22)

We notice that this result is independent of pz.

Appendix D: Steady state entanglement

As stated in Sec. III B 1, we find that the steady state
of the baseline model has logarithmic entanglement when
the initial state lies in a single charge sector with Q = qL
and q satisfying �

1
2 < q < 1

2 . When Q is held fixed
with respect to system size, the steady state has area-
law entanglement. In this Appendix D, we derive these
results for bipartitions of the system into regions A and
B, where A contains the first |A| spins and B contains
the remaining |B| spins with |A| + |B| = L.

1. Determining the reduced density matrix

Let N = Q+ L
2 be the number of spins pointing up (in

the z direction). Then the steady state is

| i =
1

p
N

X

b:w(b)=N

|bi, (D1)

where the sum is over bitstrings denoting up and down
spins, with w(b) counting the number of up spins. There
are

�L
N

�
such bitstrings, so N =

�L
N

�
. Since the state’s

entanglement is unchanged if we flip each bit, we need
only consider N 

L
2 . Focusing on the left part of the

system, we have:

hbA|⇢A|b0Ai =
X

b00

hbAb00B |⇢|b0Ab00Bi (D2)

=
1

N

X

c,c0

w(c)=w(c0)=N

X

b00

hbAb00B |cihc0|b0Ab00Bi

(D3)

=
1

N

X

cA,c0A
w(cA)=w(c0A)

✓
|B|

N � w(cA)

◆
hbA|cAihc0A|b0Ai

(D4)

= �w(bA),w(b0A)

� |B|
N�K

�
�L
N

� (D5)

where K = w(bA). The final line follows since w(cA) =
w(c0A) forces w(bA) = w(b0A) for nonzero terms. It follows
that

⇢A =

min(|A|,N)M

K=0

⇢(K)
A (D6)

=

min(|A|,N)M

K=0

� |B|
N�K

�
�L
M

�

0

B@
1 . . . 1
...

. . .
...

1 . . . 1

1

CA

(|A|
K )⇥(|A|

K )

. (D7)

The sum over sectors is from the minimum possible num-
ber of up spins in A (which is max(0, N � |B|)) to the
maximum possible number (min(|A|, N)). But since we
can calculate the entanglement entropy equivalently from
⇢A or ⇢B , we can pick |A| 

L
2 and |B| �

L
2 which, hav-

ing already chosen N 
L
2 , reduces the lower bound to 0

without loss of generality.
The n ⇥ n all-ones matrix has spectrum {n, 0, . . . , 0}

so the nonzero elements of the spectrum of ⇢A are

pK =

�|A|
K

�� |B|
N�K

�
�L
N

� (D8)

for K from 0 to min(|A|, N). It follows that

S(⇢A) = �

min(|A|,N)X

K=0

pK log pK . (D9)

2. Simplifying and bounding the entanglement

If we define intensive quantities such that |A| = aL,
|B| = bL, N = nL, and K = kL, and define �k = 1

L ,
then we arrive at

S(⇢A) = �L

L min(a,n)X

K=0

(�k) pk log pk (D10)
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where

pk =

�aL
kL

�� bL
(n�k)L

�

� L
nL

� . (D11)

According to Stirling’s formula, the following asymptotic
relation holds:

x! ⇠
p

2⇡x
⇣x

e

⌘x
. (D12)

Applying this formula to the combinatorial factors in pk

yields, after a straightforward calculation:

log pk ⇠ f(k)L �
1
2 log 2⇡L + 1

2g(k) + O(L�1) (D13)

where

f(k) = a log a + b log b

+ n log n + (1 � n) log(1 � n)

� k log k � (a � k) log(a � k)

� (n � k) log(n � k) � (b � n + k) log(b � n + k)
(D14)

and

g(k) = log a + log b + log n + log(1 � n)

� log k � log(a � k) � log(n � k) � log(b � n + k).
(D15)

If we define the additional shorthand

h(k) = e
1
2 g(k)

�
f(k)L �

1
2 log 2⇡L + 1

2g(k)
�

(D16)

then

pk log pk ⇠

r
1

2⇡L
eLf(k)h(k). (D17)

We note that f(k) is always non-positive, which prevents
Eq. D17 from diverging exponentially with L. We verify
this below when we find (in Eq. D33) that the maximum
value of f(k) is 0.

In what follows, we seek to apply this approximation
to Eq. D10 and to approximate that sum as an integral,
in order to analytically extract leading order behaviour
in L. Doing this rigorously requires some care: we will
sandwich the entanglement between two Riemann sums
related to Stirling’s approximation, and show that each
converges to a well-behaved integral in the thermody-
namic limit.

But it is not surprising that the integrals we en-
counter converge and are well-behaved. The entangle-
ment density �(⇢A) = S(⇢A)/L must satisfy 0  �(⇢A) 

a log 2 because the entanglement is non-negative and the
maximally-mixed reduced density matrix on |A| sites
has entropy |A| log 2. Furthermore, �p log p always lies
within [0, e�1] for p 2 [0, 1], so when we view Eq. D10
as a Riemann sum, its integrand is always well-behaved.
Values of this integrand are depicted in Fig. 9 for a range
of fillings (or, as is explained in the caption, for a range
of partition sizes).

There is a statement related to Stirling’s approxima-
tion which holds that

p
2⇡x

⇣x

e

⌘x
e

1
12x+1 < x! <

p
2⇡x

⇣x

e

⌘x
e

1
12x (D18)

is true for all x � 1 [50]. Consequently,
r

1

2⇡L
ef(k)L+ 1

2 g(k)+r1(k) < pk <

r
1

2⇡L
ef(k)L+ 1

2 g(k)+r2(k)

(D19)

where

r1(k) =
1

1 + 12aL
+

1

1 + 12bL
+

1

1 + 12nL
+

1

1 + 12(1 � n)L
�

1

12L

✓
1

k
+

1

a � k
+

1

n � k
+

1

b � n + k
+ 1

◆
(D20)

r2(k) =
1

12L

✓
1

a
+

1

b
+

1

n
+

1

1 � n

◆
�

✓
1

1 + 12kL
+

1

1 + 12(a � k)L
+

1

1 + 12(n � k)L
+

1

1 + 12(b � n + k)L
+

1

1 + 12L

◆

(D21)

so

pk log pk >

r
1

2⇡L
eLf(k)er1(k)

⇣
h(k) + e

1
2 g(k)r1(k)

⌘
,

(D22)

pk log pk <

r
1

2⇡L
eLf(k)er2(k)

⇣
h(k) + e

1
2 g(k)r2(k)

⌘
.

(D23)

We further define

h̃i(k) = h(k) + e
1
2 g(k)ri(k), (D24)

Si(⇢A) = �

r
L

2⇡

L min(a,n)X

K=0

(�k)ef(k)Lh̃i(k)eri(k), (D25)
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FIG. 9: Values of �pK log pK (summands in Eq. D9) for
a system with L = 100, partitioned in two equal halves
(|A| = |B| = L/2), over a range of fillings. The maximum
value of this function, which is e�1, is plotted for refer-
ence. It turns out that pK is invariant under |A| $ N ,
so this plot can also be viewed as depicting �pK log pK

for a system at half-filling over a range of partition sizes.

so that,

S1(⇢A) < S(⇢A) < S2(⇢A). (D26)

For fixed L, each Si(⇢A) is a Riemann sum, whose dis-
tance from the corresponding integral is given by:

������
r

L

2⇡

min(a,n)Z

k=0

dk ef(k)Lh̃i(k)eri(k)
� Si(⇢A)

����� (D27)


Mi min(a, n)

2L
(D28)

(D29)

where Mi is the maximum value of

d

dk
(ef(k)Lh̃i(k)eri(k)) (D30)

over the interval. If we can show that limL!1
Mi
L = 0

then we will have proven that the sums for Si(⇢A) can
be replaced by integrals. To do this, we first note that

d

dk
(ef(k)Lh̃i(k)eri(k)) = ef(k)L

�
Lf 0(k)h̃i(k)eri(k) (D31)

+ h̃0
i(k)eri(k) + h̃i(k)r0i(k)eri(k)

�
. (D32)

Focusing on f(k), we find that it is maximized at k⇤ =
an, which always lies in the interval because a, n < 1, so
an < min(a, n). At this maximum, we find that f(k⇤) =
0. Therefore, if k 6= k⇤ then Mi will have a negative
exponential in L that will dominate, for large L, over
the subexponential orders in L coming from the other
factors. We conclude that Mi must occur at k = k⇤. It

will be useful for what follows to find the leading order
values of several functions at this point. First, we have:

f(k⇤) = 0, (D33)
f 0(k⇤) = 0, (D34)
f 00(k⇤) = �[abn(1 � n)]�1, (D35)

and

g(k⇤) = � log(abn(1 � n)), (D36)

g0(k⇤) =
(2n � 1)(b � a)

abn(1 � n)
, (D37)

g00(k⇤) =
(1 � 2ab)(1 � 2n(1 � n)

[abn(1 � n)]2
. (D38)

Also, ri(k⇤), r0i(k⇤), and r00i (k⇤) are all O(L�1). Building
the more complicated functions from these, we find that

h(k⇤) =
1p

abn(1 � n)

�
�

1
2 log 2⇡L �

1
2 log(abn(1 � n))

�

(D39)

= �
log L

2
p

abn(1 � n)
�

log(2⇡abn(1 � n))

2
p

abn(1 � n)
, (D40)

h0(k⇤) = 1
2g0(k⇤)(h(k⇤) + e

1
2 g(k⇤)) (D41)

=
(2n � 1)(2a � 1) log L

4(abn(1 � n))3/2
+ O(1) (D42)

h00(k⇤) = e
1
2 g(k⇤) ⇥f 00(k⇤)L �

1
2g00(k⇤) �

1
4g0(k⇤)

2
⇤

+ 1
2g00(k⇤)h(k⇤) + 1

2g0(k⇤)h
0(k⇤)

(D43)

= �
L

(abn(1 � n))3/2
+ O(log L) (D44)

and that h̃i(k⇤), h̃0
i(k⇤), and h̃00

i (k⇤) match these values
at the orders given in Eqs. D40, D42, and D44.

Having laid this groundwork, we conclude that

Mi =
⇥
h0(k⇤) + e

1
2 g(k⇤)( 1

2g0(k⇤)ri(k⇤) + r0i(k⇤))

+ (h(k⇤) + e
1
2 g(k⇤)ri(k⇤))r

0
i(k⇤)

⇤
eri(k⇤)

(D45)

=
(2n � 1)(2a � 1) log L

4(abn(1 � n))3/2
+ O(1). (D46)

It follows that

lim
L!1

Mi min(a, n)

2L
= 0, (D47)

so

Si(⇢A) = �

r
L

2⇡

min(a,n)Z

k=0

dk ef(k)Lh̃i(k)eri(k). (D48)

Using Laplace’s method, we will show that S1(⇢A) =
S2(⇢A) to leading order and next-to-leading order, allow-
ing us to uniquely determine S(⇢A) at these orders.
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3. Laplace’s method: leading order

In the thermodynamic limit, the integral is dominated
by the neighbourhood of k = k⇤, allowing us to approx-
imate the integral using Laplace’s method. We change
variables to x = k�k⇤ and notice that the integral bounds
are irrelevant at leading order as L ! 1 as long as x = 0
remains within them. Then, to leading order, Laplace’s
method yields:

Si(⇢A) ⇠ �

r
L

2⇡
eLf(k⇤)h̃i(k⇤)e

ri(k⇤)

Z
dx eL( 1

2 f 00(k⇤)x2)

(D49)

⇠

s
�1

f 00(k⇤)
eLf(k⇤)h̃i(k⇤)e

ri(k⇤). (D50)

Applying Eqs. D33, D35, and D40, we find that:

Si(⇢A) = 1
2 log L + O(1). (D51)

Consequently, at leading order S1(⇢A) = S2(⇢A), so we
conclude that

S(⇢A) = 1
2 log L + O(1). (D52)

This demonstrates the logarithmic scaling of entangle-
ment entropy for fixed non-extremal charge density.

When N = nL is held fixed instead of n in the thermo-
dynamic limit, this does not apply. In this case, we can
return to the original sum form of the entanglement en-
tropy given in Eq. D9. Through our analysis in Sec. D 2,
we learned that pk log pk ⇠

q
1

2⇡LeLf(k)h(k) is maxi-
mized at k⇤ = an. There, it takes the value

pk log pk ⇠ �
log(2⇡abN)

2
p

2⇡abN
+ O(L�1) (D53)

when N is held constant in the thermodynamic limit.
Since pK and pk describe the same quantity, just in terms
of a different variable, it follows that

S(⇢A) = �

min(|A|,N)X

K=0

pK log pK (D54)

 �N max(pK log pK) (D55)



p
N log(2⇡abN)

2
p

2⇡ab
+ O(L�1) (D56)

once L is sufficiently large that min(|A|, N) = N . As
discussed in Sec. D 1, this same conclusion also applies
for charges L�N , so we conclude that the entanglement
grows as an area law for extremal charges.

4. Laplace’s method: next-to-leading order

To illustrate numerical agreement at computationally
accessible system sizes, we seek to determine S(⇢A) to

next-to-leading order. There is already an O(1) contri-
bution in Eq. D40, but there is an additional O(1) contri-
bution that comes from working to next-to-leading-order
in Laplace’s approximation. We do so following [51]. In
general, Laplace’s method gives the following asymptotic
expansion for any integral bounds containing k⇤:

Z
dk eLf(k)h̃i(k)eri(k)

⇠

r
⇡

L
eLf(k⇤)

1X

j=0

�(2j)(0)

22jj!Lj
,

(D57)

where

�i(s) = h̃i(k⇤ + sv(s))eri(k⇤+sv(s))(sv(s))0 (D58)

with v(s) defined such that

f(k⇤ + sv(s))

s2
= �1. (D59)

This machinery is set up to transform the exponential in
the integrand into a proper Gaussian so that arguments
in Eqs. D49 and D50 are made precise. We can determine
v(s) order-by-order by expanding f(k⇤+sv(s)) about k⇤.
Determining v(s) to zeroth order in s is straightforward:

f(k⇤ + sv(s)) =
1

2
f 00(k⇤)(sv)2 + O((sv)3), (D60)

so
1

2
f 00(k⇤)v(s)2 = �1 + O(sv3) (D61)

v(0) =

s
�2

f 00(k⇤)
. (D62)

Therefore, we find

�(0)
i (0) = h̃i(k⇤)e

ri(k⇤)

s
�2

f 00(k⇤)
(D63)

which matches our leading order term from Sec. D 3. For
our next-to-leading order calculation, we need to find
�(2)(s). First, we note that

�(1)
i (s) = h̃ie

ri(sv)00 + (h̃ie
ri)0[(sv)0]2, (D64)

where h̃i and ri are evaluated at k = k⇤+sv(s). It follows
that:

�(2)(s) = (h̃ie
ri)(sv)000

+ 3(h̃ie
ri)0(sv)0(sv)00

+ (h̃ie
ri)00[(sv)0]3

(D65)

�(2)(s) = (h̃ie
ri)(3v00 + sv000)

+ 3(h̃ie
ri)0(v0 + sv)(2v0 + sv00)

+ (h̃ie
ri)00[v + sv0]3

(D66)

�(2)(0) = 3(h̃ie
ri)|s=0v

00(0)

+ 6(h̃ie
ri)0|s=0v

0(0)2

+ (h̃ie
ri)00|s=0v(0)3.

(D67)
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FIG. 10: Steady-state half-chain entanglement at half-
filling (a = b = n = 1

2 ) in the baseline model. Alongside
the numerical MPS data are two lines: the exact pre-
diction from Eq. D9 for the half-chain entanglement of
the state in Eq. D1, and the asymptotic scaling given
in Eq. D74. We observe that the exact prediction and
asymptotic scaling converge for large L and appear con-
sistent with the numerical MPS data.

The �(2)(0) contribution enters Eq. D57 suppressed by
a factor of L�1, so O(1) contributions will only come
from terms in �(2)(0) that are O(L). We have already
seen from Eqs. D40 and D42 that h(k⇤) and h0(k⇤)
are O(log L), and since g(n)(k⇤) is O(1) and ri(k⇤) and
r0i(k⇤) are O(L�1), it follows that (h̃ieri) and (h̃ieri)0 are
O(log L) at k = k⇤. Also, since v(n)(0) can be calculated
exclusively in terms of f (n)(k⇤) which are independent of
system size, v(n)(0) = O(1). Consequently, (h̃ieri)00v(0)3

is the only O(L) contribution to �(2)(0). More explicitly,

(h̃ie
ri)00|s=0 = eri(k⇤)

�
h̃00

i (k⇤) + 2h̃0
i(k⇤)r

0
i(k⇤)

+ h̃i(k⇤)((r
0
i(k⇤))

2 + r00i (k⇤)
�
.

(D68)

Noting that r00i (k⇤) is also O(L�1), we conclude that
only eri(k⇤)h̃00

i (k⇤) can provide O(L) contributions, so
that

(h̃ie
ri)00|k=k⇤ = h00

i (k⇤) + O(log L) (D69)

= �
L

(abn(1 � n))3/2
+ O(log L). (D70)

We find that

v(0)3 = (2abn(1 � n))3/2 (D71)

so

�(2)(0) = �23/2L + O(log L) (D72)
and

S(⇢A) =
1

2
(log L + log(2⇡abn(1 � n)))

+
1

p
2

23/2L

4L
+ O

✓
log L

L

◆
(D73)

=
1

2
log L +

1

2
(log(2⇡abn(1 � n)) + 1)

+ O

✓
log L

L

◆
.

(D74)

This asymptotic scaling is compared to the exact result
and to numerical data in Fig. 10, and the leading or-
der contribution agrees with results for the ideal Bose
gas [47].


