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We present a theory of the effects of impurity scattering,in ,» superconductors and their quantum
disordered counterparts, based on a nonlinear-sigma-model formulation. We show the existence, in a
quasi-two-dimensional system, of a novel spin-metal phase with a nonzero spin diffusion constant at
zero temperature. With decreasing interlayer coupling, the system undergoes a quantum phase transition
(in a new universality class) to a localized spin insulator. Experimental implications for spin and
thermal transport in the high-temperature superconductors are discussed. [S0031-9007(98)07710-2]

PACS numbers: 74.20.—-z, 72.15.Rn

Over the last few years, experiments [1] have convincdiffusion without charge diffusion. These differences in
ingly established that the superconducting state of the holesymmetry lead to interesting differences between the lo-
doped cuprate materials is characterized by spin singlatalization properties of quasiparticles in the superconduc-
d>— > pairing. In such a superconductor, the gap vanishe®r, and in the normal metal. Such differences have been
at four points on the (two-dimensional) Fermi surface. Thepointed out before [6] in the context of the random matrix
quasiparticle excitations at these “nodes” have a linear digheory of mesoscopic normal/superconducting systems.
persion, and an associated density of states that vanishesWe address quasiparticle transport using a replica field
linearly on approaching the Fermi surface. This leads taheoretic formulation. As expected, the field theory is dif-
power law dependences of various physical quantities oferent from that describing Anderson localization in a nor-
temperature. Impurity scattering is expected to stronglymal metal. The properties of the theory are determined
modify these properties. Experimentally, the power lawby a single coupling constant, which is the dimensionless
temperature dependences are rounded off, apparently agpin conductance. This is the physically correct quantity
proaching constant, temperature-independent behavior athose behavior as a function of system size enables con-
the lowest temperatures. This fact is well reproduced bystruction of a scaling theory of localization. By analyzing
approximate, self-consistent treatments of impurity scatthe properties of the field theory, we show the existence
tering which show that a constant finite density of state®f a logarithmic “weak localization” correction in two
is generated at the Fermi energy for any arbitrarily wealdimensions suggesting localization at the largest length
impurity strength [2,3]. Quasiparticle transport propertiesscales. This correction persists, in part, in the presence
have also been investigated [4,5] theoretically with suctof an orbital magnetic field (unlike usual Anderson local-
self-consistent approximations with some phenomenologiization) or a Zeeman field, but is suppressed when both
cal success. Going further, Lee [2] has suggested, on there present. In all cases, however, the quasiparticles are
basis of calculations of the zero frequency microwave congenerically ultimately localized in two dimensions. Upon
ductivity, that the quasiparticle eigenstates are stronglynclusion of interlayer coupling, there is the interesting
localized. possibility of a quantum phase transition between an ex-

In this paper, we reconsider the effects of disorder ortendedspin metaland a localizedpin insulator The spin
the low energy quasiparticles in thg > superconductor. metal has diffusive spin correlations, a finite spin suscep-
We point out that the problem of quasiparticle transportibility, and an associated finite spin conductivity ali
and localization in a superconductor is conceptually veryero temperature We are not aware of the existence of
different from the more familiar situation of noninteracting such a spin phase in any insulating Heisenberg spin model
electronsin arandom potential. This is because, unlike in aith or without randomness.
normal metal, the charge of the quasiparticles in the super- The spin insulator is expected to exhibit local moments
conductor is not a conserved quantity. This immediatelyand spin-glass or random-singlet behavior at very low
implies that the quasiparticle charge in the supercondudemperatures. The transition between these two phases
tor cannot be transported through diffusion. Indeed, thés described by the critical point of the replica field
quasiparticle charge density i@t a hydrodynamic mode theory (neglecting quasiparticle interactions), and is a new
in the superconductor. However, in a singlet superconduainiversality class for localization.
tor (and in particular in the higlfz. superconductors), the  Most of these results also go over unmodified to the
condensate does not carry any spin, and consequently tiq@antum disordered version of thg:-,. superconduc-
spin of the quasiparticles is a good quantum number antbr—the “nodal liquid” phase that has been analyzed re-
is conserved. The quasiparticle energy is also conservedently [7] as a possible low-temperature theory of the
Thus, there is the possibility of having spin and energypseudogap regime in the cuprate materials.
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We begin our analysis with the lattice quasiparticle yo = —(1/7) Im{J" o’y (no sums). Angular brack-
Hamiltonian for a singlet superconductor, ets denote both field-theoreti¢- and disorder averages.
The spin diffusion constantD,, can also be deter-
H = Z{;UZC?H% + Aychel + A?jcleiT:|7 (1) mined from the “diffusion propagator'P;;, whose
ij o Fourier transform isP(¢q) = X ; Pijexdq - (X; — X;)] =
, 5V
where i, j are site labels. Using Hermiticity combined 8?(0/(1)_”2)' One has?;; = —((4;' 0 + ‘z”iy)(ﬁ”j” -
with spin-rotational and time-reversal invarianceandA ¥ )), With o= = (0¥ £ ig¥)/2 and no replica sum
may be taken to be real-symmetric matrices. Note that thghould be taken. _ _
total number of particles is not conserved by this Hamil- The ensemble average ouerA! can now be |mmed|-
tonian while their total spin is. In the presence of im-ately performed, generating a translationally invariant ac-
purities, we defing;; = t?j + tilj andA;; = A,Qj + A}j, tlon.W|th nontrivial quartic coupllngs between different
where:” and A° are the Fourier transforms of the kinetic '€plicas. A more general analysis [9] demonstrates that
energye; (measured from the Fermi energy) and the gaghe essential features are captulred by uncl:orrelalted zero-
functionA,, respectively. In thel,:_,> superconductor of Mean local Gauslsllan fieldg C 6;j and Aj; = A;y;
primary interest, we may tak&, = Aq(cosk, — cosk,). ~ With covariance$s; 7jlens = [A;Ajlens = udj;. Withthis
We mention in passing that for weak impurities, a contin-choice, the algebra is particularly simple, and the quartic
uum limit may be taken, focusing on wave vectors neainteractions can in turn be decoupled via t& X 2n
the d wave nodes. The resulting “dirty Dirac” Hamil- Hermitian Hubbard-Stratonovich fieldg) and P, acting
tonian is similar to various models in the literature [8], in the spin and replica spaces (diagonal in the particle/hole
but differs from previously studied variants in that it con- space). The effective action becomes
tains several randoranomalous couplings The Hamil- |
tonian above can be regarded as a lattice regularization S = Z—Tr[[Q(i)]z + [P()]]
of this continuum effective field theory for thé:_ > su- iU
perconductor, hence our results are quite general and not —_— . ) .
restricted to a BCS approximation. + 22'/’1'[[@(’) — P + inolsy
The effect of weak randomness can be analyzed by Y 0 = . A0 x
perturbative renormalization group calculations [9] which Tt AT 3)
sho_w that the randomness is a (marginally) rel_evant pertuiyhere we have suppressed spin and replica indices.
bation. To_make progress then, we employafleld—theorepc A saddle-point (inQ and P) analysis of Eq. (3) recov-
reformulation of the self-consistent treatment adopted iRy the conventional self-consistent approximation. In par-
earl!erwqus on dirty/-wave superconductlwty_ [2]. Thls ticular, one find) = 27 yoo® andP = 0. The constant
begins V\_nth the ste}ndard coherent-state functional mtegrei,l(0 appears as an imaginary self-energy, is (the saddle-point
formulation, in which the electron operatarsc’ are re- approximation to) the physical spin-susceptibility, and rep-
placed by Gras_smagsfleldsf averaged with respect 10 regents a generation of a nonzero “quasiparticle density of
a statistical weighte™", where S is an action. As the giate5(DOS)” due to disorder. The conclusion fhat: 0
randomness is independent of time affl is quadratic, s amply supported by experiment, leading us to believe
different pairs of frequencieSo, —w) decouple, and itis  {hat this saddle-point is a physically correct starting point.
sufficient for our purposes to focus simply an= 0. The imaginary self-energy also has a complementary inter-
Several notational conventions are convenient.  Weyretation as a finite (inverse) elastic scattering tityie, .
define four—cognponent fieldgiqa, With dire = cia/V2Z  For times longer tharr,, quasiparticles no longer move
and ¢ina = igaptip/~/2. From this point on we adopt palistically, and we expect diffusioaf the conserved en-
a notation in which7 and ¢ matrices act in the particle/ ergy and spin densities
hole (@) and spin &) spaces, respectively. A conjugate Flyctuations around this saddle-point represent both
field is then defined byy; = (Cy)", whereC = o”7*.  iffusion and corrections to it. Near two spatial di-
The action in these variables appears nonanomalous, mensions these fluctuations are captured by a nonlinear-
o . sigma-model (Nlo-M) treatment. The crucial ingredients
S = Y(tym" + Ay + in D g0 (2)  are the physical (nonstatistical) symmetry properties of the
i i Hamiltonian, which determine symmetries of the repli-
At this stage we have also included an infinitesimal imagi-cated action, Eq. (3). For the SU(2) and time-reversal
nary Zeeman fieldn, which acts to generate physical invariant form chosen, the crucial symmetry group is
correlation functions. Sp(2n) X Sp(2n). In particular, consider the transfor-
To compute disorder-averaged quantities, we replicatgation ¢; — Uy, with U = 3[Ua(1 + ) + Up(l —
the fieldsy — ¢#, with w = 1...n, so that forn — 0  7)], with Usp 2n X 2n unitary matrices in the spin
the statistical weight is normalized for each realizationand replica spaces satisfyin o’ Usp = 0. Un-
of the randomness. Physical quantites can now beler this transformation, the other fields rotate accord-
simply expressed. In particular, the spin susceptibility isng to Q + iP — U:{(Q + iP)Up. Form = 0, all such
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rotations leaveS invariant, while this is true for nonzesp  the charge-conservation(l in conventional localization.
only whenUg = o0*U, 0%, hencen breaks the symmetry Consequently, the Zeeman field leads to the usual or-
infinitesimally from Sf2n) X Sp2n) to SH2n). For a  thogonal sigma model, and Zeeman and orbital effects to-
single replica, note that as @p = SU(2), one of these gether drive the system to the unitary universality class.
Sp(2) symmetries is just spin rotation invariance. The All these field theories exhibit diffusion on length
other Sii2) symmetry is actually a consequence of timescales of order the elastic mean free péth Beyond
reversal invariance, and can be traced to the reality of ththis scale, quantum interference corrections can play an
HamiltonianH. important role. They are determined by the renormaliza-
The NLoM is constructed by considering fluctuating tion group (RG) equation fog, which for the Sf2r) and
Sp(2n) X Sp(2n) rotations of saddle-point solutions that Sp(2n)/U(n) sigma models can be found in Refs. [10]:
are slowly varying in space. In general, these can be
shown to take the form of an &) matrix U(x), with dg + ag? + 0(g%) 5
Q0(x) + iP(x) = F xoo?U(¥). The form of the action dinL €8 4 &) ©)
for U is determined entirely on symmetry grounds, and
is verified by a direct calculation [9] expandigandp  Wheree =d — 2 and we have sek = 0. The num-
and integrating out noncritical massive modes. We find ber @ = 1,5 for the Sg2n), Sp2n)/U(n) models, re-
| sEecfuvelzIy. Elquatzond(?]) desctubes Fhe evOcIJIu'E[lon o;‘ th_fh
— 2 1 . 1 _ 1 physical coupling (and hence the spin conductance) wi
SNLom f dx 2¢g Tr(VU - VU = 0 TrU + U, length scalel, which could be either the system size or
(4) an inelastic thermal cutoff length at finite temperature.
Lo . Note that in two dimensionse(= 0), g grows logarith-
where Ux) € Sp(2n). This field theory is known as the ica|ly with 7, giving an additive logarithmic reduction
“principal chiral Sii2n) model” in the field theory litera- ot the conductance and signaling a crossover to local-
ture. _In contrast t(_) thg conventlpnal sigma models used tgeq pehavior at long distances. Notice that to this or-
describe the localization of noninteracting electrons, hergg, (“one-loop”) the leading logarithmic correction is

the field variables live on a group manifold instead of a,; completely suppressed by an orbital field. This re-
coset space. The &) X Sp2rn) symmetry acts o/ gt js in sharp contrast to conventional weak localiza-
via global left and right multiplication with independent tion, but is in agreement with similar observations made

Sp(2n) matrices. in the context of the random matrix theory of systems

. The replica-diagonal self—consiste_nt approximation lﬂse‘}’vith these symmetries [6,11]. Complete suppression of
in other work corresponds to keeping only the configu+ne |ogarithmic correction occurs only with the introduc-

ration Wx) = 1 in the action. Small quadratic fluctua- (o of zeeman coupling and subsequent crossover to the
tions around this solution correspond to diffusion, and ehnitary NLoM.

direct cal_culation ofP;; in this approximation [9] rela_tes These perturbative results strongly suggest that in
the cgupllng constapt tg the spln—gonductame to Wllt two spatial dimensions with weak magnetic fields, the
¢ — 2 0. The derivation of the sigma model provides quasiparticles are ultimately always localized. A crude
an estimate for the bare coupling constqjﬁt.: L vtvs  estimate for the localization length may be obtained from

47 vpv,

with v, the Fermi velocity, and,, the slope of the/,-—,»  the one loop perturbation theory to ke ~ L.etm/%
gap linearized near the nodes. Note that this is indeperwheref, is the mean free path ang the bare coupling
dent of the disorder strength. A similar result for the zeroconstant. Using the estimafg ~ 7 in high T, we get

frequency microwave conductance was obtained earlieg ~ 1000¢,. We note in passing that sincﬂaz(sg((z';)) —
; ; 1 . . . n
by Lee [2], in particularo (o = 07) = 5 (vp/va)e*/h.  Z, a nontrivial topological term is allowed for nonzero

The difference in the velocity-dependence of the prefactorgrhital coupling; this suggests the possibility of isolated
is conceptually significant: the spin-conductance obeys agxtended quasiparticle states for strong magnetic fields
Einstein relation while the microwave conductance cannotg].
This distinction arises because the quasiparticle charge is Inclusion of coupling between two-dimensional layers
not a good quantum number. (with spacingd) drives the system three dimensional,
Consider separately the orbital and Zeeman couplinggaking possible an extended phase where the spins
to an applied magnetic field. The orbital field breaks timediffuse at the longest length scales. Based on the quasi-
reversal symmetry but not ), and similar manipu- 2d NLoM [9], the boundary between 3d spin-metal and
lations to those above lead ultimately to a(3p/U(n)  spin-localized phases occurs when the baxis spin
NLoM, also distinct from the three conventional univer- conductivity o0 ~ d€,2e%7/¢ (see Fig. 1). Given this
sality classes of dirty metals. The Zeeman coupling, bysteep curvature of the phase boundary near the origin,
contrast, breaks SP) invariance, leaving only a U)  even a modest interlayer coupling can drive the system
spin-rotation symmetry around the field axis (#y Us-  into the spin metal phase. In zero field, or neglecting
ing the particle/hole transformatiom; — cf, this U1)  Zeeman coupling, the transition between the spin metal
symmetry is easily shown to play the same role as doeand the spin insulator is in a new universality class.
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o7 this gives k = 2k3T(vF + vi)/3vpvak. In contrast,

s the microwave conductivity does not satisfy an Einstein
relation and is, in general, not related to the thermal
conductivity by the Weidemann-Franz law (as can be
explicitly seen in the self-consistent theory, unless in the
limit vz > va [5]).

Finally, we expect thatocalization effects should be
most pronounced when the nodal anisotrapy/va is
minimized, as is expected to occur on reducing the
hole concentration within the nodal liquid phase. If

(/o)) signatures of localization can be observed, it may be
s useful to perturb the system with a Zeeman (i.e., in-plane)
FIG. 1. Schematic phase diagram of the layered difty ,»  field. A large enough Zeeman coupling is theoretically
superconductor. expected to open thé-wave nodes into Fermi pockets
[12], dramatically increasing the density of states and the
bare conductance, hence potentially probing some of the

Quasiparticle interactions, which we have ignored Sdocalization transitions discussed here.
far, can be shown [9] to lead to the usual Altshuler- We thank llya Gruzberg, Doug Scalapino, and Kun
Aronov singularities for the tunneling density of states foryang for useful discussions, and Martin Zirnbauer for
the diffusive spin metal. Interaction effects are expectedseful comments on the manuscript. This research
to be more crucial in the spin insulator, and ultimatelywas supported by NSF Grants No. DMR-97-04005,
should produce a low density (considerably less than, e.gNo. DMR95-28578, and No. PHY94-07194. We have
the hole doping) of local magnetic moments which Mayrecently come across papers by Bundsclaihal. [13]
then at low temperature freeze into a spin glass or stagiscussing quasiparticle localization in vortex cores of
paramagnetic in a random-singlet phase with a diverginguperconductors using a supersymmetric formalism. In

spin susceptibility. the region of overlap, their results agree with those in this
An important application of the theory outlined here paper.

is to the quantum disordered--,> superconductor—a
novel zero temperature phase that has been proposed [7]
very recently to exist between the antiferromagnetic and
superconducting regions of the hi@h- phase diagram.
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